UNIVERSAL OBJECTS IN CATEGORIES OF REPRODUCING KERNELS 



DANIEL BELTITA AND JOSE E. GALE 

Abstract. We continue our earlier investigation on generalized reproducing kernels, in connection 
with the complex geometry of C*~ algebra representations, by looking at them as the objects of an 
appropriate category. Thus the correspondence between reproducing (— *)-kernels and the associated 
Hilbert spaces of sections of vector bundles is made into a functor. We construct reproducing (— *)- 
kernels with universality properties with respect to the operation of pull-back. We show how completely 
positive maps can be regarded as pull-backs of universal ones linked to the tautological bundle over the 
Grassmann manifold of the Hilbert space £ 2 (N). 
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Introduction 

The present work belongs to a line of research which has been initiated in the papers |BR07j , |BG09j , 
BG08], and concerns representation theory for infinite-dimensional Lie groups on the one hand, and an 
approach to operator algebras by means of techniques from differential geometry on the other hand. In 
BR07 , geometric realizations of GNS representations on groups of unitaries in C*-algebras are obtained, 
in the spirit of the Bott-Borel-Weil theorem. Hilbertian section spaces of these realizations, in that 
infinite-dimensional setting, are constructed using the tool of reproducing kernels on vector bundles. As 
regards holomorphy, there are a few cases of unitary groups (or homogeneous spaces on which those 
groups act) where such a structural property appears automatically; see |BR07j . and also [BG09] for 
(homogeneous) orbits of Grassmannians. In order to extend the theory of [BR07| to general holomorphic 
actions of complex Lie groups on complexified vector bundles, and to incorporate the unitary case to 
the wider setting of complex geometry, a new kind of generalized reproducing kernels on complex vector 
bundles has been introduced in |BG08j . that takes into account prescribed involutions of the bundle bases. 
(In passing, the theory enables us to present a holomorphic geometric view of Stinespring dilations of 
completely positive maps.) 
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In this way, we find the notion of (generalized) reproducing kernels on vector bundles in the core of 
that part of (infinite-dimensional) representation theory which is suitable to be treated using methods 
of complex geometry. So it seems to be a demanding task to study generalized reproducing kernels in 
themselves, mainly looking at those aspects of them which are more directly related to the aforementioned 
subjects. One of the relevant facts emerging naturally in the subject is that Grassmannian manifolds, 
over the Hilbert spaces defined by the kernels, seem to be the proper place where all the elements of the 
geometric theory are settled in a canonical manner; see [BG09 . Since Grassmannians arise naturally in 
geometry as a universal notion, we wonder if they can be also considered as the universal model for the 
geometrical implications of reproducing kernels. This question is further supported by the feeling that 
— loosely speaking — reproducing kernels are very much alike (so that, in particular for the classical ones, 
their mutual differences are mainly confined to function theory). 

In order to make this idea precise, we continue here our earlier investigation on generalized reproducing 
kernels by organizing them as a category and looking for the corresponding universal objects. Thus the 
correspondence between reproducing (— *)-kernels (see the definition below) and the associated Hilbert 
spaces will be looked at as a functor. By following this categorial approach we find that there exist 
reproducing (— *)-kernels enjoying universality properties with respect to the operation of pull-back. In 
particular it turns out that all of the reproducing kernels (in the classical sense, that is, for scalar valued 
functions) arise as pull-backs of a universal reproducing kernel that lives on the tautological bundle over 
the Grassmann manifold of the Hilbert space £ 2 (N) (see Theorem 16.21 and the comment preceding it). 

In a purely mathematical direction, investigations on operations on reproducing kernels have been 
previously carried out, with motivation coming from complex analysis, function theory, learning theory, 
and other areas; some recent references are [A"L08 Kr08a , [Kr08b]. and [CVTU08J. The theory of kernels 
in the scalar case was systematically developed in [Ar50j . An extension to vector valued functions has been 
worked out in [Ku6fij , as well as a systematic account of this theory is included in [NeOO . Reproducing 
kernels for Hilbert spaces of sections generalize the above classes. There are already present in |Ko68j . 
but the first framework where to consider kernels for Hilbert spaces of sections of (finite-dimensional) 
complex bundles seems to have been suggested in BH98] . The corresponding extension to the setting of 
vector bundles with infinite-dimensional fibers of infinite-dimensional manifolds is done in [BR07 . The 
article |BG08] extends in turn the results of |BR07j to reproducing kernels associated with involutive 
diffeomorphisms in the bundle base spaces. 

Reproducing kernels on line bundles over finite-dimensional complex manifolds have been on the other 
hand considered in quantum mechanics as well, related to quantization of classical states; see [Od88 , 
|Od92j and jMP97], as well as some references therein. Roughly speaking, in the model proposed in 
|Od88] and [Od92j a mechanical system is identified with a triple (Z,H.,( : Z ~ * CP(W)) where Z is 
a complex manifold seen as the phase space of classical states of the system, TL is a Hilbert space and 
CP(7i) is its corresponding complex projective space, which is to play the role of the phase space of 
pure quantum states. Then the (geometric) quantization of the classical phase space Z is supplied by 
the mapping £. It turns out that the transition probability amplitudes linked to the phase space Z can 
be formalized in a way that gives rise to a reproducing kernel K defined on a complex line bundle with 
base Z . Then the quantization map C = Cif is constructed out of the kernel K, through the reproducing 
kernel Hilbert space TLk associated with K, see |Od92] for details. The mapping £ is very important in 
this approach since under certain conditions it replaces the calculation of the Feynman integral which 
expresses the transition amplitudes between states. Moreover, it is possible to recover the reproducing 
kernel defining the transition probabilities directly from £. 

In fact, the relationship between K and £ admits an interpretation in a categorial framework such as 
it has been developed in the paper [Od92] , with a view toward establishing a canonical relation between 
the classical observables and the quantum ones (see also [Od88 ) . In this setting, natural ways of viewing 
states of the matter take the form of three different categories (in two of them the objects are complex line 
bundles, with a distinguished kernel K in one case and a distinguished Hilbert space TL in the other; in 
the third one the objects are the mappings C) and it is possible to show the mutual functorial equivalence 
between them, see |Od92j . p. 387. Pull-backs of the tautological universal bundle with base CP(W), as 
well as of its canonical kernel, are used as part of the arguments to prove such equivalences. 
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Apparently, the above physical interpretation and treatment of reproducing kernels has remained 
unknown for the pure mathematical line of research referred to in former lines. Indeed, we have been 
aware of the papers |Od88j and Od92] only after having written the most substantial part of the present 
article. Since we consider here vector bundles with infinite-dimensional fibers of infinite-dimensional 
manifolds, our work can be seen partly as a (non-trivial) extension to that setting of the categorial 
results of Od92]. However, it must be noticed that, whereas one of the aims of [Od92] is to establish 
equivalence of categories thought of equivalent ways to viewing states of matter, we are rather interested 
in pointing out the properties of (generalized) reproducing kernels in themselves, so we present them as 
objects of a category and look for their canonical description in terms of their Grassmannian universal 
representatives . 

The general plan of the article can be seen prior to this introduction. In Section [T] we give some 
elements for a categorial theory of notions and results related to the main items of papers [BR07] , and 
BG08 . Consequently in Section [2] subcategories of objects of a positive character are singled out, laying 
particular emphasis on the concept of reproducing (— *)-kernels. In this setting, completely positive 
mappings on Hilbert spaces appear as objects of a suitable category, instead of being considered (as 
usually in the literature) as morphisms. Section [3] collects significant results involving pull-backs of 
vector bundles and kernels, in the setting dealt with in the paper. Several items of previous sections are 
established in Section [4] for Grassmann manifolds, as a preparation for the main section of the article, 
namely Section [5j Here, we establish the universality theorems making (generalized) reproducing kernels 
K associated with a given (like-Hermitian) vector bundle n : D — > Z to appear as pull-backs of canonical 
ones living on Grassmannians. The essential tool to do that is a mapping : Z — > Gr(W ) like that 
one of above, but this time taking values in all of the Grassmann manifold Gr(Tt K ) formed by all closed 
subspaces of H K . Here TC K is the reproducing kernel Hilbert space defined by K. Such a mapping C,k is 
of course an extension of the corresponding mappings considered in |Od92j , and indeed was suggested by 
an intermediate extension introduced in M P97| . in a finite-dimensional context. By mimicking names 
originated from physical considerations, we are tempted to call the mapping Qk the quantization map of 
the bundle n, and every element Ck(s), s G Z, a coherent state for n. 

Finally, in Section [6] we give some applications or examples. We find particularly interesting the fact 
that any completely positive mapping taking values in the algebra of bounded operators on a Hilbert 
space, in analogy with what happens for kernels, can be obtained as the pull-back of a canonical (and 
universal) completely positive map associated with the tautological bundle of a Grassmann manifold. 

1. A CATEGORIAL FRAMEWORK FOR LIKE-HERMITIAN STRUCTURES 

1.1. Like-Hermitian structures. We briefly review here the like-Hermitian vector bundles introduced 
in |BG08j in order to study geometric models for representations of Banach-Lie groups and C*-algebras. 

Definition 1.1. Let Z be a real Banach manifold with an involutive diffeomorphism z i— > z~*, Z — > Z, 
that is, (z~*)~* = z for all z G Z. A like-Hermitian structure on a smooth vector bundle n: D — > Z 
(whose typical fiber is a complex Banach space £) is a family {(• | -) z z — }zez with the following properties: 

(a) For every z G Z, (• | -) z z -, : D z x D z -» — > C is a scsquilinear strong duality pairing. 

(b) For all z G Z, £ e D z , and t) G D x -. we have WTv) z , z - = (V I £)*-,*• 

(c) If V is an arbitrary open subset of Z, and* y : Vx£ ^ n^ 1 ^) and "Jy- : V~*x£ -> Ur 1 ^-*) 
are trivializations of the vector bundle n over V and V~* (:= {z~* | z G V}), respectively, then 
the function (z,x,y) i— > {^vi z i x ) I *v-*(z _ *,!;)) 2lZ -, V x £ x £ — > C is smooth. 

□ 

Remark 1.2. Condition (a) in Definition 11.11 means that (• | -)z,z-* : D z x D z -, — > C is continuous, is 
linear in the first variable and antilinear in the second variable, and both the mappings 

^ K I •)«,*-, D Z ^(D Z -,)*, and »? ~ (• | »»),,,-., D z -. - D* z , 

are (not necessarily isometric) isomorphisms of complex Banach spaces. Here we denote, for any complex 
Banach space Z, by 2* its dual (complex) Banach space and by Z the complex-conjugate Banach space. 
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That is, the real Banach spaces underlying Z and Z coincide, and for any z in the corresponding real 
Banach space and A G C we have A ■ z (in Z) = X ■ z (in Z). □ 

Remark 1.3. For later use we now record the following fact: Let X and y be complex Banach spaces 
with a sesquilinear strong duality pairing (• | •) : X X y — ► C. If TL is a complex Hilbert space and 
T : H — > X is a bounded linear operator, then there exists a unique operator S : y — > 7i such that 

(V/iGW,yG3>) (Tfc | y) = (ft | Sy) H . (1.1) 

Conversely, for every bounded linear operator S : y ^ Ti there exists a unique bounded linear operator 
T-.H^X satisfying ^TTTJ), and we denote 5"* := T and T~* := 5. □ 

Like-Hermitian bundles admit a natural notion of morphism from one into another. 

Definition 1.4. Let II: D —> Z and II: D — > Z be like-Hermitian vector bundles, and assume that 
each of the manifolds Z and Z is endowed with an involutive diffeomorphism denoted by z i— > z~* for 
both manifolds. A morphism (respectively, an antimorphism) of II into II is a pair O = (<5, C) such that 
5: D — > 13 and £ : Z — ► Z are smooth mappings satisfying the following conditions: 
(i) The diagram 

D — ?— > £> 



Z 



is commutative. 

(ii) The mapping <5 2 := <5| ^ : Z? 2 — > -D^( z ) is a bounded linear operator whenever z G Z (respectively, 
a bounded antilinear operator whenever z G Z). 

(hi) For all z G Z we have C(^~*) = C(z) - *- 
Because of the assumption that the sesquilinear functionals (• | -) z z -* are strong duality pairings, it 
follows that the morphism — (5, £) is quasi- adjointable in the sense that for every z G Z there exists a 
(unique) bounded linear operator (5 Z )~* : D^( z \-» — > -D 2 -» such that 

(V£ G 5,,ry G X> cw _.) (<5,C I »7)c(*),C(*)- = K I (*»)"*»»)*,«- ■ t 1 - 2 ) 
If = (5, C) is an antimorphism, then it is again quasi- adjointable since for every z G Z there exists a 
(unique) continuous antilinear operator (S z )~* : D^ z \-, — > D z -» such that 



W e D x , v e D CM -.) (<« h)cw,cM- = K I (*.)-*»»),,,-. • (1-3) 

Now assume that C : Z — > Z is a diffeomorphism. We say that the morphism = (8, £) is adjointable 
if there exists a morphism 0~* = (<5 * , C 1 ) from II into II such that (|1.2[) is satisfied with (S z )~* := 
<5 _ *|£) ( . ( : -D^( 2 -*) — > D z -*. If this is the case, then any morphism 0~* with this property is said to 
be adjoint to 0. The adjointable antimorphisms arc defined in a similar manner and an adjoint of an 
antimorphism is by definition an antimorphism. □ 

Definition 1.5. Let TL: D — ► Z and If: D — > Z be two smooth like-Hermitian vector bundles. Assume 
that = (5, C) is a morphism from II into II. We say that is an isometry if it satisfies the condition 
(£ I = (<K0 I %))cW,C(2)-* whenever z G Z, £ G 5 2 , and rj G £> z -.. Similarly , if = (S,Q is an 

antimorphism, then is an isometry if and only if we have (£ | T)) ZjZ -* — (<5(£) \ S(r]))^ z \ £( z )-« whenever 
z G Z, £ G L> 2 , and 77 G 5 Z -. . □ 

Remark 1.6. In Definition 11.51 if = (<5, £) is an isometry and the mapping S z := S\g : D z — > £Wz) is 
bijective for all z G Z, then is quasi-adjointable and the appropriate condition (|1.2[) or (| 1 . 3[) is satisfied 
if we take (<5 2 )~* := (<5 2 -.) _1 : D^r z \-* — > -D z -« for each z G Z. This also shows that if £: Z — -> Z is a 
diffeomorphism and = (<5, C) is an isometric morphism (respectively, antimorphism) that is fiberwise 
bijective from LI to II, then is adjointable and its inverse _1 = (S^ 1 , £ _1 ) is an adjoint to 0. □ 
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It is plainly seen that like-Hermitian vector bundles, as the objects, and morphisms in between form 
a category which will be denoted here by LHer. There are several important examples of the above 
bundles which we think is worthwhile to present under the categorial language. In the next subsection 
we consider like-Hermitian vector bundles acted on by Banach-Lie groups. 

1.2. Group actions on vector bundles and representations. Recall that an involutive Banach-Lie 
group is a (real or complex) Banach-Lie group G equipped with a diffeomorphism u i— > u* satisfying 
(uv)* = v*u* and (u*)* = u for all u, v G G. In this case we denote 

it,-* := (u- 1 )* (Vit 6 G) and G+ := {u*u \ u G G}, 

and the elements of G + are called the positive elements of G. If H is a Banach-Lie subgroup of G, then 
we say that H is an involutive Banach-Lie subgroup if in addition u* G H whenever u G H . If G is an 
involutive Banach-Lie group then for every u G G we have (it" 1 )* = (w*)" 1 and moreover 1* = 1. 

Definition 1.7. Assume that we have a complex involutive Banach-Lie group G, a holomorphic like- 
Hermitian vector bundle n : D — > Z, and two holomorphic actions /i and v of the group G on D and Z 
respectively, such that 

(i) there exists the commutative diagram 

G x D — ^— > D 
id G xn| In 
G x Z — ^— > Z 

and for all m e G and z G Z the mapping -)I-Dz : D z —> D v (u tZ ) is a bounded linear operator, 

(ii) for every u G G and z£Z we have ^(u - *, z - *) = f(u, z)~*, 
(hi) for every z e Z , u E G; £ E D z , rj G D v / u -* tZ -*) w e have 

With the notation (II, G) we refer to a like-Hermitian vector bundle n which is acted on by the Banach-Lie 
group G in the sense defined by the preceding properties. 

Let (n, G) and (n, G) be two such elements. We say that a pair (0, a) is a morphism from (n, G) 
into (n, G) if := (5, £) is a morphism between the bundles n and II, a : G — > G is a holomorphic group 
homomorphism which preserves involutions, and the following commutativity of diagrams holds: 

(a) (idc xll)o(ttxi) = (ax()o (idg x II), that is, 

G x D axS ) G x D 

id ^ xfi l 1 
G x Z ° xC ; GxZ 

(b) 5oft = iio{ax8) and (oi/ = vo(ftx(), that is, 

G x D axS > G x D GxZ axC > G x Z 

and 

L> — ^ L» Z — ^ Z 

It is then straightforward to check that we have got a category where pairs (II, G) are the objects and 
pairs (0, a) are the morphisms. Let GrLHer denote this category. □ 

Important examples of objects in GrLHer are suitably related to representations of groups acting in 
that category. Specifically, we shall make the following definition which claims its origins in the idea of 
basic mapping that shows up in Example 2.5 in [BG08 . 



id G xn 
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Definition 1.8. In the setting of Definition 11.71 let further assume that we have given a holomorphic 
^-representation it: G B(H). 

We say that the mapping 1Z: D — > H relates II to it if it has the following properties: 

(i) 1Z is holomorphic; 

(ii) for each z£Z the mapping 1Z Z := 1Z\d z '■ D z — > H is an injective bounded linear operator and in 
addition we have (£ | rj) z ^ z — = (7l(£) | TZ{rj))n whenever £ £ D z and 77 £ £> 2 -*; 

(iii) for every u € G and z £ Z the diagram 

n m(«>-)Id* n 

> U u(u,z) 



71,, 



H -^-> H 

is commutative. We alternatively call 1Z the transfer mapping between II and tt (or D and H). □ 

In the case when an object (II, G) in the category GrLHer is associated with a representation tt and a 
transfer mapping 1Z as in the above definition we shall refer to (II, G) by writing (II, G; tt). Given two of 
these objects (II, G; 7r), (II, G; 7r) we say that a triple (9, a, L) is a morphism from (II, G; fr) into (II, G; 7r) 
whenever (8, a) is a morphism between (II, G) and (II, G) in the sense of Definition 1 1.71 and L: H — > H 
is a bounded linear mapping such that: 

(c) For all u £ G, 7r(a(u)) o L = Lo tt[u). 

(d) Koi = Loi 

Then triples (II, G; 7r) are the objects of a category, which we choose to call RepGLH, whose morphisms 
are the triples (<d,a,L). Of course properties (c) and (d) of L are to be added to previous (a) and (b) 
for (6, a). 

There is an important subcategory of GrLHer (and of RepGLH) where the base spaces of the 
corresponding vector bundles are homogeneous manifolds. These bundles have been considered in [BG08J, 
in connection with holomorphic realizations of representations. We recall their definition in the next 
subsection. 

1.3. Homogeneous like-Hermitian vector bundles. Assume that we have the following data: 

• G a is an involutive real (respectively, complex) Banach-Lie group and Gb is an involutive real 
(respectively, complex) Banach-Lie subgroup of G a- 

• For X = A or X = B, assume Hx is a complex Hilbert space with Hb closed subspace in Ha, 
and ttx : Gx B(TLx) is a uniformly continuous (respectively, holomorphic) ^-representation 
such that 7Tb(u) = tta(u)\h b f° r au u ^ Gb- By ^-representation we mean that tta(u*) = tta(u)* 
for all u £ Ga- 

• We denote by P: Ha — > Hb the orthogonal projection. 

Define an equivalence relation on Ga x Hb by (u, f) ~ (u 1 , /') whenever there exists w £ Gb such that 
u' = uw and /' = ^(w -1 )/. For every pair [u, f) £ Ga x Hb its equivalence class is denoted by [(«, /)] 
and the set of all equivalence classes is denoted by D — Ga *g b Hb- Clearly, there exists a natural onto 
map 

II: [(u, /)] »s:=u G B , D -» G A /G B - 

For s £ Ga/Gb, let D s := H^ 1 (s) denote the fiber on s. Note that (u, f) ~ (u',f) implies that 
TTA(u)f — nA{u')f so that the correspondence [(u, /)] 1— > ^(u)/, £> s — > ita{u)Hb, gives rise to a 
complex linear structure on _D S , and a Hilbertian norm on D s defined by || [(u, /)] \\d, '■= \\^A(u)f\\H A 
where [(u, /)] £ D s . Moreover, the formula 

([(«,/)] I [(«-*,»)]).,.-. = (^(u)/ I 7r^(u-*) ff ) Wjt = {-KAiu-^Aiu)! I .9)^ = (/ I g) HB , (1.4) 

for [(u, /)] £ £* s and [(ii _ *, g)] £ D s -*, defines a like-Hermitian structure (■ | •) _» on the vector 
bundle n. See more details in |BG08j . 
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So, in the case where Ga, Gb are complex and tta, ttb are holomorphic the bundle IT is an example 
of Definition 1 1 . 71 with respect to the representation tta '■ Ga —> 13 (Ha) and the transfer mapping given by 

TZ: [(u,f)]^7r A (u)f, D^Ha. 

As in [BG08], we shall say that IT: Ga xq b Hb —* Ga/Gb is the homogeneous like-Hermitian vector 
bundle associated with the data (tta, ttb, P)- 

We can consider the data (tta, ttb, P) as objects of a category HomogLHer where the morphisms are 
given by pairs (a,L) from (jt a , ttb , P) into (tta, ttb, P) such that: 

(i) a: Ga — * Ga is a continuous (or holomorphic when Ga and Gb are complex) group homomor- 
phism preserving involutions, with u(Gb) Q Gb- 

(ii) L : Ha — > Ha is a bounded linear mapping such that L o tta{u) — Tr A (ot(u)) o L for every u G Ga 
and P o L \fi B = L o P or, equivalently, L(Hb) C Wb- 

We observe that the conditions on (a, L) allow us in particular to get the well-defined mapping 

[axL]: [(uJ)}^[(a(u),L(f))}, G A x gs H B -> G A x Gs W B . 

The morphism from G^ x^^ H B — > Ga/Gb into G^ x Gb Hb — * Ga/Gb is 6 = (S, () where 5 — [ax L] 

and C = a q : uGb •— > ol(u)Gb, Ga/Gb — > Ga/Gb- Moreover, it is an exercise of some patience to 
check that, for the transfer mapping defined just above and the natural multiplications, the morphism 
properties (a), (b), (c), (d) given in the definition of the category RepGLH hold for = ([a X L], a q ). 
In the following subsection we consider a remarkable class of objects in the category HomogLHer. 

1.4. Vector bundles arising from completely positive maps on G*-algebras. In this subsection 
we deal with completely positive maps on G* -algebras valued in algebras of bounded operators on Hilbert 
spaces. Let us briefly review the Stinespring construction of dilations of completely positive maps. For 
details and references, see for instance |BG08| . 

For every complex vector space X let M n (X) denote the space formed by all matrices n x n with 
entries in X. Then, for every linear map X — > Y between two vector spaces X and Y and every 
integer n > 1, put $„ = $®id Mn(c) : M n (X) -> M n (Y), that is, ® n ((xij)i<i,j<n) = [®( x %j))i<i,j<n for 
every matrix (xij)i< itj < n G M n (X). 

Let A be a unital G*-algebra and let Ho be a complex Hilbert space. A linear map <1>: A — > B(Ho) 
is said to be a completely positive map if for every integer n > 1 the map $„ : M n (A) — > M n (B(Ho)) 
is positive in the sense that it takes positive elements in the G*-algebra M n (A) to positive ones in 
M n (B(Ti.o)). If moreover $(1) = 1 then we say that $ is unital and in this case we have ||$„|| = 1 for 
every n > 1 . Define a nonnegative sesquilinear form on i® Ho by the formula 

n n n 

3=1 i=i «ii=i 

for ai, . . . , a„, &i, . . . , &„ G A, £i, . . . , £„, rji,. ..,rj n GHo and n > 1. Set A^ = {x G A ® W | (x \ x) = 0} 
and denote by ICo the Hilbert space obtained as the completion of (A^Ho)/Na with respect to the scalar 
product defined by (• | •) on this quotient space. One can define a representation tt of A by linear maps 
on A (g) Ho given by 

(Va, b G A){\/rj G Ho) n(a)(b <g> 77) = afe ® 77. 

Then every linear map 7r(a): A(g)W — ► ^4<8>Wo induces a continuous map (A®'Hq)/Na —* (A®Ho)/Na, 
whose extension by continuity will be denoted by 7r$(a) G B(lCo)- In this way we obtain a unital *- 
representation 7r$ : A — > B(K,o) which is called the Stinespring representation associated with 
Additionally, denote by V : 7io — * ^0 the bounded linear map obtained as the composition 

V : Wo -> A $ W -> (A ® W )/iV^ ^ /C , 

where the first map is defined by Ho 3hi—*l(8h£A® Ho and the second map is the natural quotient 
map. Then V: Ho — ► /Co is an isometry satisfying <l>(a) = V*Tr$(a)V for all a G A. In this sense 7r$ is 
called a Stinespring dilation of $. 
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Note that if dim Ho = 1, that is, $ is a state of A, the Stincspring representation associated with $ 
coincides with the corresponding Gelfand-Naimark-Segal (GNS) representation. 

Particular cases of completely positive maps are the conditional expectations: Let 1 G B C A be two 
C*-algebras. A conditional expectation E: A — > B is a linear map satisfying E 2 — E, \\E\\ — 1 and 
Rani? = B. Then it follows by the theorem of Tomiyama that E(l) = 1 and for every a S A, b\, b 2 S -B 
we have £7(a*) = E(a)*, < E(a)*E(a) < E(a*a), and E(b 1 ab 2 ) = b\E(a)b 2 . We have the following 
result (Lemma 6.7 in |BG08j ). 

Lemma 1.9. Let B Q A be two unital C* -algebras with a conditional expectation E: A — > B and a unital 
completely positive map $: A — ► B(Ho) satisfying <fr o E = where Ho is a complex Hilbert space. 

Now let tta '■ A — ► B{TLa) and ttb '■ B — ► B(Hb) be the Stinespring representations associated with the 
unital completely positive maps $ and <&\b, respectively. Then Hb Q Ha, and for every ho € Ho cwid 
b <E B we have the commutative diagrams 

A Ua H A 



B > Hb ► Hb 

where P : Ha ™ > Hb is the orthogonal projection, and Lh Q '■ A —> TLa is the map induced by a h-v a ® ho. 

Remark 1.10. The projection P in Lemma [1.91 is indeed obtained from E as the limit operator of 
expressions of the type P((J2 a,i ® Vi) + Na) '■= J2(P( a i) ® Vi) + Nb, for every Yl a i®yi G A ® Ha- □ 

Let Gjf be the group of invertible elements of X for X = A or X = B. Then Gx has a natural 
structure of involutive complex Banach-Lie group defined by the involution of X. Moreover, Gb is a 
complex Banach-Lie subgroup of Ga- We call the triple (tta \g a i n B \g b , P) the Stinespring data associated 
with E and <I>. It is clear that in this way we have obtained an object of the category HomogLHer. In 
fact, they form a subcategory of HomogLHer together with the morphisms defined as follows. 

Let (71^, 7Tg, P) and (tta, ttb, P) be two Stinespring data. A morphism from (tt 7, w^, P) into (tta, ttb, P) 
is any pair (a, T) such that a : A — * A is a unital *-homomorphism and T: Ho — * Ho is a bounded linear 
mapping satisfying 

(a) ao E \g= E oa \g, 

(b) $(a(6)) oT = To 5(6) for every b E B, 

where the symbols involved in the above equalities have an obvious meaning. This category will be 
denoted as StLHer. We rewrite the objects (tta, ^b, P) as (A, B, E; $). 

To conclude this section, we remark that the categories introduced above are related through the 
following functors: 

(1) The functor GrLHer — > LHer just given by the inclusion. 

(2) The functor HomogLHer — > RepGLH defined by 

(tta,ttb,P) 1— * (n, tt;1Z) and (a, L) 1— ► (G, a, L) 
where for a data tta ■ Ga — ► B(Ha), tb : Gb — > B(Hb), P- Ha — > Hb, we take 

n: [(u, /)] ~ uGb, G a x Gb Hb -» G a /Gb; vr = tt a ; ft([(u, /)]) = 7r A (u)/, 
and for a morphism (a, L) in HomogLHer we take 8 = ([a x L], a q ). 
The functor HomogLHer — > RepGLH entails a deep structural relationship between the corresponding 
categories, as it will be shown in Section [3j see Theorem 13.81 

In an analogue way to what has been done before, one could be tempted to affirm that the correspon- 
dence (A, B, E; $) 1— > (tta, kb', P) defined by the Stinespring construction (described prior to Lemma rO|) 
gives rise to a functor StLHer — > HomogLHer, so that a morphism (a, T) in StLHer would be sent 
into a (possible) morphism in HomogLHer to be induced by the mapping 

a®T: ® hj ; h-> ^a(oj) ®T(hj), A ® Ho -» -4 ® H . (1.5) 
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Nevertheless, the extension of a ® T to Ha need not be well defined. An extra condition involving 
positivity on (a,T), which is sufficient for the purpose of such an extension and then for such a functor 
StLHer — > HomogLHer, is proposed in the following section. 



2. Positivity. The category of reproducing (-*)-kernels 

There are elements making up the objects of the different categories of like-Hermitian vector bundles 
which enjoy a neat character of positivity. So in the category RepGLH, where a transfer mapping 1Z is 
positive (or positive-definite) in the sense that for all n > 1 and every Sj E Z, £j G D s . (j = 1, . . . , n), 

E (K(Q | n^)) H = (f>&) I f>(6)) > o. 

3,1=1 j=l 1=1 

Similarly, a ^-representation tta taking part in an object of the category HomogLHer satisfies for all 
n > 1 and every Uj G Ga, hj G Ha (j = 1> • • • ,n), 

n n n 

(nA(uj)hj | w A (ut)hi)n A = (^2^A(uj)hj \ E^MMw^ > 0. 

3,1=1 j=l 1 = 1 

Also, as regards the category StLHer, a (unital, in our case) completely positive mapping <&: A — > B(Ho) 
satisfies by definition for all n > 1, every positive matrix (a,j,i)j,i C M n (A) and hi, . . . ,h n G Ho, 

n 

E (*(Hi)f*J I &i)«o > 0. 

3,1 = 1 

As we are going to see below, the above self-imposed, by definition, properties are particular cases of a 
general notion of positivity linked to like-Hermitian vector bundles. 

Definition 2.1. Let EE: D — > Z be a like-Hermitian bundle. A reproducing (— *)-kernel on n is a section 
If G T(Z x Z, Hom(p|n,p*n)) (whence if (s, t): D t —> D s for all s,t € Z) which is (— *)-positive definite 
in the following sense: For every n > 1 and tj E Z, rjj E D.-* (j = 1, . . . , n), 

Here p\,pi\ Z x Z — > Z are the natural projection mappings. If in addition n: D — > Z is a holomorphic 
like-Hermitian vector bundle, if is continuous and if(-,s)£ G 0(Z,D) for all £ G Z? s and s G Z, then 
we say that if is a holomorphic reproducing (— *)-kernel. We shall say that a reproducing (— *)-kernel 
if on a holomorphic like-Hermitian vector bundle II . D — > Z is holomorphic of the second kind if it 
is continuous and the mapping £ t— » if it, ![(£))£, Z) — > Z) is holomorphic for every t E Z. Examples 
of kernels enjoying both types of holomorphy are the kernels if 77 , defined through representations tt, 
associated to the categories HomogLHer and sRep; see Remark l2.9l (2) below. □ 

Remark 2.2. Let if (s, t)~* : D s -» — > D t -» be the "adjoint" operator of the mapping if (s, t) with respect 
to the family (• | -)r,r-*, r G Z; i.e., (K(s,t)~*£~* \ rj)t-*,t : = (£~* I K(s, t)r)) s -* iS for every s,t G Z and 
r* ED s -,,r)E A- 

From the definition of reproducing kernel we have that if (s, s~*) > where we understand for this 
that (K(s, s~*)£ I £) — f° r au £ e Moreover, by applying the (— *)-positiveness of if to 

s, t G £ G .D s -* and 77 G , we have 



't,t- 



< (jf(«,o« 1 0,,.-. + (*(*>*-*)»? 1 0.,.-. + W> s ~*)£ I »?)«,*-. (^C*. *"*)»? I »?)< 

whence we obtain that the sum (if (s, i~*)»7 | Q s g _, + (if (i, s~*)£ | 77) 4 ( _, is a real number. So 

r> I = -S(if(i,s-*)C I »?) _. . 
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By substituting £ with it; we derive that %i(K(s,t-*)r) | £) ss _» = (t, s~*)£ \ v) tt -,- Therefore 

{K(s,t-*) V | e) SiS _, = (K(t,s-*)£ | 77) M _. - (77 I K( S -*,t)Z) ss _, . (2.1) 
This implies that K(a, by* = K(b~*,a~*) for every a, b G Z. □ 

Reproducing (— *)-kernels on like-Hermitian bundles have been introduced in [BG08j where they have 
been used to show that certain ^-representations of involutive Banach-Lie groups (in particular Banach- 
Lie groups of invertibles in C* -algebras) admit realizations on Hilbert spaces H K of holomorphic sections 
on like-Hermitian vector bundles. 

Such spaces Ti K are constructed in the following way. For all s G Z and £ G D s denote i-Q = K(-, s)£ G 
T(Z, D). (In fact is a holomorphic section, i.e., K$ G 0(Z,D), provided that the bundle II: D — » Z 
is holomorphic.) Then denote := spanjiQ | £ G D} C r(Z, £>). The Hilbert space H A ' is defined as 
the completion of Hq with respect to the scalar product given by 

(K v \Kt) n = (K(s-* ) t)r,\0 s -*, s (2.2) 

whenever s,t G Z , £ G -D s , and 77 G D t . See additional details in [BG08 . 

Each one of the categories GrLHer, RepGLH, HomogLHer, StLHer entails its own canonical 
type of (— *)-kernels. To begin with, let us consider the category GrLHer. In this case, for a bundle 
n being under the action of a group G, it sounds sensible, for a section K to be a reproducing kernel 
on n, to demand some condition relating K and G. The suitability of the following one will emerge in 
Section [5] (Theorem [5T4)) . 

Definition 2.3. Let (n, G) be an object in the category GrLHer. Let K be a reproducing (— *)-kernel 
on n. We say that K is a, reproducing (— *)-kcrncl on (n, G) if K satisfies 

K(t,v{u,s))n{u,£) = fx{u,K{y(u-\t),s)^ (2.3) 

for every s,t G Z, £ G D Sl and u G G. □ 

We next describe the (— *)-kernels of the remaining categories in a categorial framework, showing in 
passing that the elements of positive character can be in turn regarded as objects of suitable categories. 

Definition 2.4. Let LT: D — > Z and II: D — ► Z be two like-Hermitian bundles, and let K and K 
be reproducing (— *)-kernels on the bundles n and n, respectively. A morphism of reproducing (— *)- 
kernels from K to K (respectively, an antimorphism of reproducing (—*) -kernels from K to K) is a 
morphism = (5, £) of n into n (see Definition II. 4[) (respectively, an antimorphism) with the property 
that there exists a constant M > such that for every integer n > 1, every s±,...,s n G Z, and all 
£1 G £> Sl ,...,£„ G D Sn we have 

n n 

(Jr(C(«i)-\C(* J -))*&) I ^)) c(Si) -,, c(si) < m E I ^) sr , S( - (2-4) 

We denote by Hom(if , X) the set of all morphisms from K to K. 

It is clear that the composition of two morphisms of reproducing (— *)-kernels is again a morphism 
of reproducing (— *)-kernels. Consequently we get a category Kern whose objects are the reproducing 
(— *)-kernels on like-Hermitian bundles, and whose morphisms are defined as above. □ 

Remark 2.5. In the setting of Definition 12.41 it is clear that the mapping 

n n 

is well defined and continuous, and it extends to a bounded linear operator H e : H K — > H K (respectively, 
an antilinear operator if Q is an antimorphism) satisfying ||H e || < M. (See Section 3 in [BGOSj .) 

If 81 and 02 are morphisms or antimorphisms of reproducing (— *)-kernels whose composition Oi o 2 
makes sense, then we have 

U @1 ° @2 = H 01 oH @ \ (2.5) 
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□ 

Definition 2.6. Let Hilb be the category whose objects are the Hilbert spaces over C and whose 
morphisms are the bounded linear operators. The reproducing kernel Hilbert space functor is the functor 

H: Kern — > Hilb (2.6) 

that takes every reproducing (— *)-kernel K to the associated reproducing kernel Hilbert space H K 
(see Definition 3.4 in BG08]) and every morphism G Hom(K,K) to the bounded linear operator 
H e : U K -> H K . The fact that fl2l| is indeed a functor follows by Ip3|l . □ 

Remark 2.7. The functor hi was considered in |Od92] in the case of line vector bundles of finite di- 
mension. Here H is also the main correspondence between categories that we consider in this paper, 
since it allows us to relate general kernels or fiber vector bundles with Grassmannian manifolds. In 
Proposition 12 . 81 below we establish other functors between the following categories: 

• Trans — its objects are the transfer mappings 1Z associated with the objects of the category 
RepGLH, and where the morphisms are defined as the linear mappings L, appearing in the 
morphisms (0, a, L) of RepGLH, for which there exists a constant M > such that for every 
integer n > 1, every Si, . . . , s n £ Z, and all £i G D S1 , . . . , G D Sn we have 

n n 

£ (mm)) i rc(£&)))„ <mJ2 (m) i m))n- ( 2J ) 

1,3=1 U=l 

• sRep, whose objects are the ^representations associated with the objects of HomogLHer and 
the morphisms are the pairs (a, L), appearing as the morphisms of the category HomogLHer, 
for which there exists a constant M > such that for every integer n > 1, every u\, . . . , u n G Ga, 
and all hi, ■ ■ ■ , h n G TIa we have 

n n 

]T (7r A (a(ui))(L(/n)) I ttaK^OXZ^)))^ < M (^A(ui)hi \ ^(%)^)^- (2-8) 

1,3 = 1 1,3 = 1 

• CPos , whose objects are the completely posive maps associated with the objects of the category 
StLHer and the morphisms are the pairs (a, T) appearing in the morphisms of the category 
StLHer, for which there exists a constant M > such that for every integer n > 1, every 
positive (aij) c M n (A), and all hi, . . . , h n G Tlo we have 



n 



Ma(ai d ))T(hi) | r(^)) < M ^ (3(o«)/n | . (2.9) 



i,i=i i,i=i 



□ 



Completely positive mappings have been considered as (relevant) morphisms of suitable categories of 
matrix ordered spaces or operator systems; see for instance |CE77j . [EROO] . |Pa02| . or |Zu97j . It is maybe 
worth noticing that such mappings are viewed in the context developed here as objects of a category, 
rather than morphisms. 

Proposition 2.8. The following correspondences define functors between the respective categories. 

(i) The dilation functor CPos — > sRep given by 

$ i— > tta and (a, T) i— > (a, a T) , 

where tta is the Stinespring dilation associated with the completely positive mapping $ and ot®T 
is the continuous extension to TIa of the map defined in (|1.5p . 

(ii) sRep — * Trans given by 

7T i— > TV and (a, L) t— > (O; a, L), 
where TZ^Qfu, /)]) = ir(u)f , for every u G Ga, f G Wb- 
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(iii) Trans — > Kern given by 

Tl^K n and (@;a,L) i-*- 6, 

where K n (s,t) — (7?. s -*)~* oK (j /or every s,t G .Z. (Here, the expression (7?. s -») - * ftas ifte 
meaning explained in Remark ] 1.31 ) 



Proof. We shall show that the pair [a,a®T) is well defined as a morphism in the category sRep. The 
functorial property follows then readily 

So let $: A — > B(Hq), A — > B(Hq) objects in the category CPos , with associated triples (A, B, E), 
(A,B,E) respectively. Take a morphism (a,T): $ — > $. This means that a: A — > A is a unital algebra 
*-homomorphism with a(_B) C _B and that T: 7io — * Ho is a bounded linear operator. 

Take x — Y17=i ai ® f« m — ^ ® Then $Zjj = i($(a*Oj)2/.j I 2/0^0 = ^ anc ^ therefore 

E?j=i(*(«(ai)*«(<»j)ryi I T yi ) Uo < AfX)? iJ - =1 (*(oJo i )y j | y,)^ = from which (o ® T)(x) G A^. 
Thus the quotient mapping [a®T) q : A®TLq/N^ — » A®TL /Na is well defined. Moreover, for x G A®Ho 
as above, we have 

\\a®T(x)\\ 2 HA = \\J2<x( ai )®T yi f nA = ^($(a( a *a,))Ty 3 | T yi ) Wo 

so that (a®T) q extends by continuity from Ha to Ha- We keep the notation a <g> T for such an extension. 

Note that, in an analogous way, a®T also extends continuously from Hb to Hb. Let us now see that 
(a, a ® T) is a morphism from (7rr, 7rg, P) into (tta, ttb, P) in HomogLHer. Since a o E \^= E o it 
follows that a(Gjj) C and, also, 

P o (a ® T)(J3 6i ® Vi + N s ) = P{Y, a(bi) ® Ty 4 + JV 5 ) = X] ® ^ + N § 

i i i 

= J2 a(E(bi)) ® Ty t + Ng = {a® T)P(^ h®y t + N~). 

i i 

for each £\ 6, ® ^ + iVg G P ® W . By density it follows that Po(a®T) = («8 T)P on H B . 
Now for every u G G^ and £V fflj ® J/» + N% G A (8) Ho, 

(a <g> T) 7 r yi (u)(^ a, <8> j/j + = ^ a(ua,) <g> T Vl + N A 

i i 

= 7TA(a(«))(5^ o(ai) <8> Ty, + iVj) = 7r A (a(u))(a ® T)(^ a, g> M + A^). 

Again by density we obtain that (a<g> T)w^(u) = iTA(ct(u))(a®T) for all u G Gj. Note that in particular, 
from the above equality we deduce that the mapping 

(a, a<Sy>T): [(«, /)] ^ [(a(u), (a ® T)/)], G x x Gg H 5 G A x Gs H B 

is well defined. 

It is clear that a q o (1q^ X II) = (Iga x n) o (a, a ® T), where a q is the quotient mapping defined by 
a q (uGg) = a(w)G_B for u G Gr. Moreover, a q (uG^)~* = a q ((uGg)~*) for all u G G^. 

Since all the above mappings are clearly holomorphic, we have shown that ((a, a®T), a q ) is a morphism 
in the category HomogLHer, as required in a first step. 
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Finally, for n > 1, m G G^, /, = YX=x a l ® J/fc witn a l e ^ an d Vk € ^-o (i = 1, . . . , n), we get 
£ (7r A (a( U< ))(« ® I 7r A (a(«i))(a ® r)(/i))w A 

£,.7=1 

n rn 

= E 5>A(a(«i))(a(4) | 7r A (a(u,-))(aK) ® T 4))n A 

i,j=l k—1 
rn n 

fe=l 
rn n 

= E E (*(a((«X)*^«D W I rj4) Wo 

fc=l 2 J — 1 

m n n 

^ E M E I y J fc )«„ = M E I ^j)fj)n A , 

k—l ij — l i*j = 1 

where in the inequality we have used that (cv,T) is a morphism between $ and <&. 

For arbitrary (/i) C Tij it is enough to approximate each fa by elements in A ® Ho/N^ and apply 
the continuity of a (g) T to the just proved inequality, to obtain that (a, a (8 T) is a morphism in the 
category sRep. 

(ii) This part is quite obvious. 

(iii) The statement is a simple consequence of the fact that for every s,t G Z, £ G D s -» and ij E D t 
one has (K n (s,t)r) | £) s>s -, = C^) I 0.,.- = I ^.-0w- D 

Remark 2.9. (1) The kernel defined in part (iii) of the above proposition is a reproducing kernel 
on (II, G) in RepGLH. In fact, take s,f £ Z, ( £ D s and u G G. For simplicity, we put just in this 
remark u ■ s := v(u, s) and u ■ £ := /j(m, £). Then, for every 77 G -Dt-» , 

(K n {t, u ■ s)(u ■ I Tj) tlt -. = (^..(u • I n t -, V ) n = ((ir(u)1l s )(0 \ K t -, V ) n 

= | 7r(u)*n t -, V )n = (K s £ \ 7r(u*)K t -« V ) n 
= (K s £ | K u ,. t -,(u* .rj)) n = ((K u ,. t -,)-*(KS \ u* ■ v)(u-^t),( a *-t-*) 
= (u ■ [(7W.)~*(ft<0] I »?)t,t- = ( w • [K^iu- 1 ■ t, 8 ){] I r,ht- 

where we have used (iii) of Definition II. 81 twice, and (ii) and (iii) of Definition 1 1.71 Since the sesquilinear 
form (■ I -)t,t-* is a strong duality pairing, by letting 77 running over D t -* one obtains K^(t, u - s)(u- £) = 
u ■ K^ivT 1 ■ t, s)£ as we wanted to show. 

It is worth noticing that, for any (— *)-kernel K associated with a like-Hermitian bundle II: D — > Z ', 
there always exists a Hilbert space and a mapping TZk ■ D — > 7i enjoying part of the properties of 
a transfer mapping, such that X = K Uk . In fact, one can choose Ti = Ti K as in the construction 
pointed out prior to Definition 12.31 Then by Proposition 3.7 c) of BG08] there are the evaluation 
maps eVj : TL K — > D (s G Z), so that K(s,t) = ev' s o (evj_,,)~* for all s,t G Z. Thus one can define 
Hk{0 ■= (ev^_»)~*(£) for every s e Z and £ G D s . It is routine to check that K = K Uk . However, 
one cannot assert that TZk is an isometry since (7Zk{£) \ TZk{vi))u k — (-^( s : s )£ I 7 7)s,s-* f° r s £ Z and 
£ G D S) r/ G D s -«. 

(2) A kernel J ff ir can be associated to a given representation it G sRep by the composition of functors 
sRep — > Trans — * Kern. Such a kernel is therefore given as K v (s,t) — (7Z s -,)~* o TZt for s,t G D = 
Ga Xgj, Ti-B, where TZ([(w, h)]) :— tta{w)}i G TLa for every [(w, /i)] G -D. Indeed, kernels of type admit 
alternatively a description as 



K*(s,t)r ] = [(u,P(Tr A (u- 1 )Tr A (v)f))} G D s 



(2.10) 
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provided that u,v € Ga, s = uGb, t = vGb, V = [(«,/)] € Dt, and P: Ha — > T~Cb is the orthogonal 
projection. In fact, for each £ = [(u~*,g)] 6 D s -*, we have 

(if ff (M)r? | 0.,.-. = ((K s -*)-*(Ktr)) I 0.,-- = I ^.-Owa = I MOsW 

= (ttaC^Va^)/ I = (P(7rA(u _1 )7TA(«)/) | g)n B 

= ([(n.P^fu-^xW/))] I [(«-, ff)]) s , s -. 

where the last equality follows by (|1.4p . So (|2.10|) follows. 

In turn, the composition of functors CPos — > sRep — > Kern gives us what we call here the Stinespring 
kernel functor CPos — > Kern defined by 

$>-►#*, (a, T) i— > (0, a, L) 

where if* is given as in (|2.10|) . and where tta the Stinespring dilation of $, is the vector bundle 
morphism = (5, £) with 5 — [a y. L], C, — a q , and i = a ® T as defined formerly. 

The expression of K* given in (|2. 10|) is the form under which the canonical kernels associated to 
homogeneous like-Hermitian bundles have been defined in BG08], see also |BR07j . Such kernels are used 
in |BG 08 to construct Hilbert spaces of holomorphic sections on those bundles. □ 

3. Operations on reproducing (— *)-kernels. Pull-backs 

In this section we discuss the operation of pull-back on reproducing kernels in the general setting of 
like-Hermitian bundles. A few special instances of this operation had been previously in the literature 
in the case of trivial bundles; see e.g., |Ne00j or subsection 3.2 in CVTU08 . The pull-backs will play a 
crucial role in connection with the universality theorems that we are going to establlish in Section [5l 

Definition 3.1. Let IT: D — > Z be a like-Hermitian vector bundle, and denote by pi,P2 ■ Z x Z — > Z the 
projection mappings. It is clear from Definition 3.1 in BG08 that the set of all reproducing (— *)-kernels 
on n is closed under addition and under multiplication by positive scalars. Thus, that set is a convex 
cone in the complex vector space T(Z x Z, Hom(p ^11, plH)); we shall denote this cone by V1C~*(I\) and 
we shall call it the cone of reproducing (—*)-kernels on H. □ 

Definition 3.2. Let n: D — > Z and n: D — > Z be like-Hermitian vector bundles, and assume that each 
of the manifolds Z and Z is endowed with an involutive diffeomorphism denoted by z 1— > z~* for both 
manifolds. Denote by P\,P2 ■ Z x Z — > Z and Pi,f>2 ■ Z x Z — » Z the natural projections. Assume that 
= (5, C) is a morphism (or antimorphism) of n into n (see Definition II. 4[) . 

Now let K £ T(Z x Z, Hom^n, p*H)) be a reproducing kernel on II, where Pi,P2 '■ Z x Z — > Z are 
the natural projections. Then the pull-back of if by is the reproducing kernel 

Q*K :=K e Y{Z x Z, Hom(p|n,^n)) 

defined by 

K(s, t) = (S s -.)-* o K((( s )X(t)) o St (3.1) 
for all s, t e Z. Here (S s -*)~* : D fW D s is the operator defined by §L2§ (or fL3|)). □ 

It is easy to see that K is indeed a reproducing kernel on n. Note that formula (|3.1[) means that the 
following diagram 

K(((s),C(t)) 



(s s -,y 



D t > D s 

is commutative for all s,t G Z. 

Let us further observe that formula (|3.1|) gives us the equality in (12. 4|) of Definition ^. 41 for M = 1. In 
this sense we can interpret that the pull-back of a given reproducing kernel K, with respect to a vector 
bundle 0, is another reproducing kernel Q*K for which is extremal, say, for (|2.4|) . or, alternatively, 
M-extremal for (l2~4l. with M = 1. 
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Example 3.3. Let us consider the special case when both bundles II and II are trivial and C is the identity 
map of some manifold Z. Thus, let Ti and Ti be complex Hilbert spaces, and let k: Z x Z — > B(TL) be 
a reproducing kernel in the classical sense (see e.g., |NeOO| ) . which can be identified with a reproducing 
kernel K on the trivial bundle Z x Ti — > Z by K(s, t) = (s, t, k{s, t)) whenever s,t G Z. 

Next let F : Z — > £>(7Y, W) be any mapping, which can be identified with a homomorphism 8 from the 
trivial bundle Z x W — » Z into the trivial bundle Z x Ti ^ Z defined by <5(z, /) = (z, F(z)f) for all z G Z 
and / £H (see for instance [LaOlj ). Now let = (<5, idz) (compare Definition 13. 2p . 

Then the pull-back of if by can be identified as above with a reproducing kernel (in the classical 
sense) defined byZxZ^ B{TL), (s, t) ^ F{s)* o k(s, t) o F(i). 

Now recall the setting of subsection 1.4. Let A be a unital C*-algebra and let Tio, Ha be two complex 
Hilbert spaces. For a unital completely positive mapping <I>: A — > B(Ho), let 7Ta: A — > B(Ha) be a 
Stinespring dilation of Thus 

$(a) = y*o7r A (a)oy, (aei) (3.2) 

for some isometry V: Tio — > 7Ya- In the above example about trivial bundles, make the choice Z = A, 
F(s) = V for all s G A so that 8 = id^ x V, and k(s, i) = n(s) for every (s, t) e A x A. Then the 
pull-back reproducing kernel of k by 6 := (8, id a) is the mapping <f>: (s,t) i— > $(s), Ax A^ B(Ho). 

In other words, the fundamental relation (|3.2p can be interpreted as a particular example of the 
pull-back operation for reproducing kernels. □ 

Remark 3.4. If both LI and II are holomorphic bundles, the pair (8, Q is a homomorphism of II into LI, 
the mapping £ is holomorphic, and the mapping i5 is a?ita-holomorphic, then the reproducing kernel Q*K 
is holomorphic provided K is holomorphic. □ 

Remark 3.5. In the setting of Definition 1 3. 2 i assume that O = (8, £) is an isometry (see Definition 1 1.5[) 
and in addition 8 Z : D z — > D^/ z ) is a bijective map for all z G Z. In this case it follows by Remark 11.61 
that for any reproducing kernel K on II we have 

{Ms, t G Z) Q*K(s, t) = {8s)- 1 o K{({s), C(t)) o S t . 

An important instance when the above situation occurs is when the bundle II is the pull-back of II by C, 
and 8 is the associated map. (See [LaOlj for details on pull-backs of vector bundles.) □ 

The next result provides us in particular with a characterization of pull-backs of reproducing — ^-kernels 
in terms of the corresponding reproducing kernel Hilbert spaces. 

Proposition 3.6. Let H: D — > Z and II: D — > Z be two like-Hermitian bundles, and let K and K be 

reproducing {—*) -kernels on li and n, respectively. In addition, let = {8, Q be a morphism (respectively, 
antimorphism) of li into Ti. Then the following assertions hold: 

(i) We have K = Q*K if and only if G Rom{K, K) and H e : Ti K — > Ti K is an isometry. 
iii) Assume that is an isometry of like-Hermitian structures and 8{Df) is dense in D^rp, for all 
t G Z . If K = 0*K and both K and K are reproducing {—*)-kernels, then the diagram 





> D C (t) 




jcv, 







is commutative for all t G Z . 
Proof, (i) We have K = Q*K if and only if for all s,t G Z, 



(V.s, t G Z) K(s, t) - {8 s -.y* o K{({ s ),({t)) o S t . 



(3.3) 
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Now assume that is a morphism. Since both II and II are like-Hermitian bundles, condition ()3.3() is 
further equivalent to 

(v s ,t e zxvr* e D s -*,r] g a) (#(*,*)»? i r *),,,-. = (^(c(*),c(t))«(»7) I *(r*)) cw>cw -., (3.4) 

and this is equivalent to the fact that G Hom(if, K) and Tt B : H K — > 7i x is an isometry. In fact, as 
noticed after Definition 13.21 in the setting of Definition 12.41 the latter condition means that in (12. 4p we 
should always have equality and M = 1. 

On the other hand if is an antimorphism, then condition (13.3P is equivalent to 

(V.5, t G Z)(Vr* G 5 g _. , r? G D~ t ) (K(S, t)fj | r% 5 _. = (^(C(S),C(*))<SW) I «5(|-)) c(s) , c(5) -. , (3-5) 

which is in turn equivalent to the fact that G Hom(K, K) and H & : H K — > H K is an isometry. (Note 
that both sides of 1|2.4|) are real numbers hence are equal to their own complex-conjugates.) 
(ii) Since span{if| | f G D} is dense in TL K , it will be enough to check that 

(H e (K i ))(at)) = 5(Ktf)). (3.6) 

Now let us assume that is a morphism. We have (H e {K^)){((t)) = if^a (£(£)) = if(C(*), C(s))<K£). 
hence for arbitrary 77"* G -Df-* we get 

((w e (^))(c(?)) i ««-*)) c(J)iC(i) -. = (K(t(t),ami) i *(r*)) c(tV(t> , 

= (f(* f ®) | «(<r)) cffllf(l) -. 

where the latter equality follows by the hypothesis that is an isometry of like-Hermitian structures (see 
Definition 1 1 .5[> . Now we get equation (|3.6j) since {S(fj~*) \ G D$-*} is dense in D^-* by hypothesis, 
while II is a like-Hermitian bundle. 

A similar reasoning works in the case when is an antimorphism. □ 

The following statement is a version of Proposition III. 3. 3 in [NeOOj in our framework. (See also the 
proof of Theorem 3 in |FT99j .) It supplies conditions on a vector bundle II for an associated kernel K 
to be the pullback of itself. 

Corollary 3.7. Assume that Z is a Banach manifold with an involutive diffeomorphism Z — > Z , z i— ► z~~ * , 
II: D —> Z is a like-Hermitian vector bundle, and K is a reproducing (—*)-kernel on the bundle II. 

Now let t: D — > D be a smooth map such that r 2 = idu, and for all z G Z we have t{D z ) C D z -*, 
t \d, '■ D z — > -D z -* is antilinear, and 

<y s eZ)WeD a ,C* eD s -.) (r(0 | r(r*)).- v = (r* I 0.-,.- (3-7) 

TTien we /lave 

(Va.teZ) #(M) =r- x otfOr" ,t— )oT| Dt , (3-8) 
«/ and onfo/ z/ i/iere exists an involutive antilinear isometry f : 7i ^ — > 7i ^ suc/i i/iai for all £ G -D we ftave 
T(i4Tj) = K T rn. If this is the case, then 

(VF G H K )(Vt G Z) (r(F))(t) = r(F(t-*)). 

Proof. First note that (|3.8p is equivalent to the fact that 0* K = K, where is the antimorphism of the 
bundle II into itself defined by the pair of mappings r and z >— > z~*. Now the first assertion follows by 
Proposition 13. 6f i) and Remark 12.51 with f := Ti . 

To prove the second assertion we can use Proposition 13. 6f ii). □ 
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The following theorem shows how objects of the category HomogLHer can be obtained as bundle 
pull-backs of objects of the category RepGLH. Further, this theorem points out the structural role of 
the transfer mappings TZ within these categories. 

Theorem 3.8. Assume the setting of Definition 11.71 Let z$ G Z such that z^* = zq. Assume that the 
isotropy group Go '■— {u G G is(u,zq) = zo} is a Banach-Lie subgroup of G and in addition assume 
that the orbit O zo — {v{u 1 zq) \ u G G} of zo is a submanifold of Z , and denote by ia : O zo =— > Z the 
corresponding embedding map. Let i${D) be the pull-back manifold of II: D — > Z through ia, that is, 
i$(D) :— {(£,t) G D x ZQ I 7r(£) = t}. Then there exists a closed subspace TCq of Ti such that the 
following assertions hold: 

(i) For every u G Go we have ir(u)H.o Q 7~ia- 

(ii) Denote by ir: Go — > B(TCq), u h- > 7r(w)|^ , the corresponding representation of Gq on TCq, by 
IIo : Do — > G/Go the like-Hermitian vector bundle associated with the data (ir, ttq, P-Hq), and by 
TZq: Do — > Ti the transfer mapping associated with the data (-7T, 7To, Ph ) ( as * n subsection \1.3\) . 
Then there exists a biholmorphic bijective G-equivariant map 9: Dq — » Iq(D) such that 9 sets up 
an isometric isomorphism of like-Hermitian vector bundles over G/Gq — O zo and the diagram 



Dn 



K 



n 



i*o(D) 



H 



is commutative. 



Proof. We shall take H := Ran (TZ Zo ) C ft. 

For arbitrary u G Go we have is(u,z ) = z . Then property (hi) in Definition 11.71 shows that we have 
a commutative diagram 



D, 



D 



H 



7r(u) 



whence -k(u)(JZ Zq (D Zo )) C 1Z Zo (D Zo ), that is, tt(u)Ho Q 'Ho- Thus 7io has the desired property (i). 

To prove (ii) we first note that, since Go is a Banach-Lie subgroup of Z, it follows that the G-orbit 
O zo ~ G/Gq has a natural structure of Banach homogeneous space of G (in the sense of |Rae77] ) such 
that the inclusion map i a : O zo 
Next define 



Z is an embedding. 



e-.GxHn 



D, 



(3.9) 



where the equality follows by property (iii) in Definition 11.71 Then for all u G G, uo G Go, and / G 7io 
we have v{uuq , zo) = v (u, zq) and 

0( UU o\ *(«„)/) = n-^ lzo) (7r(uu^)iT(u )f) = n-l uZQ) ^{u)f) = 9(uJ). 

In particular there exists a well defined map 

9:Gx Go H ^D, [(«,/)]•- 



This mapping is G-equivariant with respect to the actions of G on G Xg Ti and on I? since so is 9: for 
all u, v G G and / G 7io we have 

9(uv,f) = n-{ UViZo) (ir(uv)f) = n^ uMvzo)) (n(u)7r( V )f) = m(«,^, Zo) (*(«)/)) = mM(^,/)), 

where the second equality follows since i/: Gx 2->Zis a group action, while the third equality follows 
by property (iii) in Definition 11.71 Besides, it is clear that 9 is a bijection onto Iq(D) and a fiberwise 
isomorphism. Also it is clear from the above construction of 9 and from the definition of the transfer 
mapping TZq : Dq — > 7i associated with the data (tt,itq, Ph ) that !Zo9 = TZq, that is, the diagram in the 
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statement is indeed commutative. In addition, since both mappings 1Z and TZq are fiberwise "isometric" 
(see property (ii) in Definition II. 7| , it follows by 7Z o 9 = IZq that 9 gives an isometric morphism of 
like- ( — *)-Hermitian bundles over G/Gq ~ O zo . 

Now we still have to prove that the map 9 : Do = G Xq Ho — ► «q (D) C D is biholomorphic. We first 
show that it is holomorphic. Since O zo is a submanifold of Z, it follows that Iq(D) is a submanifold of D 
(see for instance the comments after Proposition 1.4 in Chapter III of |La01| ). 

Thus it will be enough to show that 9: G Xg Ho — > D is holomorphic. And this property is equivalent 
(by Corollary 8.3(h) in |Up85| ) to the fact that the mapping 9: G x Ho — > -D is holomorphic, since the 
natural projection G x 7^o — > Gxg "Ho is a holomorphic submersion. Now the fact that 9: Gx Ho —> D is 
a holomorphic map follows by the first formula in its definition (|3.9p , since the group action a : G x I? — > D 
is holomorphic. 

Consequently the mapping 9: G Xg 7i — > io(D) is holomorphic. Then the fact that the inverse 
: io(D) — > G X(3 7i is also holomorphic follows by general arguments in view of the following facts 
(the first and the second of them have been already established, and the third one is well-known): Both 
G X<3 Ho and io(D) are locally trivial holomorphic vector bundles; we have a commutative diagram 

Gx Go Ho — ^ i* Q (D) 



G/G ► O 



where the bottom arrow is the biholomorphic map G/Go — O zo induced by the action v. G x Z ^ Z, 
and the vertical arrows are the projections of the corresponding holomorphic like-(— *)-Hermitian vector 
bundles; the inversion mapping is holomorphic on the open set of invertible operators on a complex 
Hilbert space. Now the proof is finished. □ 



The above result can be prolonged, to include morphisms of the respective categories, as follows. Let 
(n, Tv;il), (II, ir;lZ) be two objects in the category RepGLH, and let (Q;a,L) be a morphism between 
them, with 9 = (<5, £). Suppose that both objects satisfy the assumptions of the previous theorem for 
zo G Z and CC^o) £ Z, with Go, Go and O zo , O^ zo ) the isotropy subgroups and orbits, respectively. 

Let (fr, 7ro)-P-^ ), (tt, ""o > Pn ) denote the data objects in HomogLHer constructed out of (II, 7r;1Z), 
(II, tt;1Z), respectively, with bundle maps (9,1), (9,l), as in part (ii) of Theorem 13.81 Put Po = , 
Po = Ph - 

Proposition 3.9. In the above setting, one has 

a(G ) C G and L{H ) Q Ho- 

Hence (ao,£o) := ( a Igq'"^ \fio^ * s a mor P^ sm between (tt,tto,Po) and (tt, tto,Po)- Moreover, 

(1) 9o[a x L Q ]=So9.^ 

(2) no [a x L ] = a q oU . 

(3) l o a q = C o L. 

Proof. The inclusion a(Go) C Go is equivalent to have v(a(u), C(^o)) — C( z o) whenever u G G satisfies 
^(u, ^o) = zoj and this is an easy consequence of the fact that C t ov = vo(axC l ), see assumption (b) prior 
to subsection II .31 

To see the second inclusion recall that Ho — TZ Zo (D Zn ) and Ho = TZc,( Zo ){Dq[ Zo )) (note that C( z o) = 
£(zq~*) = C(zo)~*). By assumption (d) prior to subsection 1 1.31 we have Lq olZ Zo = TZq( Zo ) od \g , so the 

inclusion L(Hq) C Ho holds. 

Then we are going to prove (1), (2) and (3) of the statement. 

(1) Take [(tt,/)] eGx^ H . Then 7r(ao(u))£o(/) = Lir(u)f by (c) prior to subsection [Ql 
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Thus 

(9 o [oo x L })[(u, /)] = e[(a (u), L (/))] 

= n ^( a (u)X(zo))^ L °^Hn,z a )){^o(u^( U )f) 

= (5oK^ uzo) )(^u)f) = (6o9)[(uJ)] 

where we have used (d) prior to subsection 1 1.31 in the fifth equality, and (b) prior to subsection 1 1.31 in the 
next-to-last equality. 

(2) This is immediate. 

(3) This is again a consequence of (b) prior to subsection II. 31 □ 

As it has been seen before, there are canonical reproducing (— *)-kernels K n and K n associated with 
the vector bundles IIo : Dq — > O zo , II: D — » O, respectively, of Theorem 13.81 Recall that they are defined 
by 

K n (s,t) := {TZ s -,y* oTZ t for s,t € Z 

and 

or, equivalently (according to Remark 12. 9p . 

K*(s,t) := [(^Poiwiu)- 1 -* (■)))] 

for every s = uGo,t = vGq S G/Gq, where 1Z° is the transfer mapping associated with n . 

Corollary 3.10. The reproducing kernel K 77 is the pullback kernel of corresponding to the bundle 
morphism = (0, t) obtained in Theorem \3.8[ that is, 

K*(a,t) = (0.-)-* oif TC (t( S ),i(t)) oO t for every s,t e O zo = G/G . 

Proof. It has been noticed in the proof of Theorem 13.81 that 1Z o 6 = 1Z°. Hence, for s,t £ O zo C Z, 

(«,-.)"* ° K n (L(s), i(t)) o t = ° (^tW-)~* ° ° * 

as we wanted to show. □ 

Remark 3.11. The significance of Theorem 13.81 is the following one: In the setting of Definition 11.71 
the special situation of subsection 1.3 is met precisely when the action v. G x Z — > Z is transitive, and 
in this case the transfer mapping is essentially the unique mapping that relates the bundle II to the 
representation of the bigger group G. 

On the other hand, by considering direct products of homogeneous Hermitian vector bundles, we 
can construct obvious examples of other maps relating bundles to representations as in Definition 11.71 
Moreover, the canonical examples in this paper of both classes of vector bundles are related with the 
tautological ones linked to Grassmannians on Hilbert spaces. See next Section [U □ 

4. Grassmannians and universal reproducing (-*)-kernels 

Let H be a complex Hilbert space and let B(H) be as above the C*-algebra of bounded linear operators 
on H with the involution T i— ► T* defined by the adjoint mapping. Let GL(7i) be the Banach-Lie group 
of all invertible elements of B(H), and V(7i) its Banach-Lie subgroup of all unitary operators on H. For 
short, we put Q = GL(H) and U = \J(Tt). We recall the following notation from Example 4.6 in BG09 . 

• Gt(H) :— {S | S closed linear subspace of Ti.}; 

• T{H) := {(S,x) e Gr(H) x H | x e S} c Gr(H) x H\ 

• n H : (S, x) i — > S, T(H) Gr(H); 

• for every S £ Gr(7i) we denote by p$ : Ti — > S the corresponding orthogonal projection. 
These objects have the following well known properties: 
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(a) Both Gr(Ti) and T(H) have structures of complex Banach manifolds (Gr(H) is called the Grass- 
mannian manifold of TL) and Gr(H) carries a natural (non-transitive) action of 1A. (See Examples 
3.11 and 6.20 in Up85].) In fact, such an action extends to Q as the inclusion Q <^-> B(H). 

(b) The mapping liu : T{TL) — > Gr(7i) is a holomorphic Hermitian vector bundle, and we call it the 
universal (tautological) vector bundle associated with the Hilbert space 7i. 

Definition 4.1. Denote by pi,p 2 : Gi(Ti) x Gr(7i) — > Gr(7i) the natural projections and define 

Qh- Gr(H) x Gv(H) -» Hom(p5(n w ),p;(n w )) 

by 

Qw(Si,S0 = (p Sl )\s 2 ■S 2 ^S 1 for all 5i,6a £ Gr(H). 
The mapping Q« is the universal reproducing kernel associated with the Hilbert space Ti.. □ 

The vector bundle : T{J~C) — > Gr(W) being Hermitian, it is in particular like-Hermitian for the 
involution on Gr(H) given by the identity map. Indeed, for the natural action of Q on Tin, the natural 
representation Q — > B(7i), and the involution u i— > u , 5^5, one can associate the transfer mapping 
1Z-H given by the projection in the second component Tin : (S, x) > x, T(TC) — > 7i. Thus the tautological 
bundle : T{'H) ^ Gr(H), under the action of Q = GL(H), induces an object of the category RepGLH, 
and it is readily seen that the kernel Qh is that one defined by the transfer mapping TZh- So the kernel 
Qu defined above is an important example of object in the category Trans. We look for more examples 
of like-Hermitian structures in n-^ with non-trivial involutions in the base space Gr(7i). For this purpose 
we introduce the following notion. 

Definition 4.2. An involutive morphism (respectively, an involutive antimorphism) on the tautological 
vector bundle H-j-c is a morphism (respectively, an antimorphism) Q = (7, u>) from H^ into itself such 
that the following conditions are satisfied: 

(a) The map u>: Gr(7i) — > Gt(H) is an involutive diffeomorphism which we denote by S i— ► S~*. 

(b) For every S £ Gi(H) the mapping 75 : S — > S~* is an isometric linear (respectively, antilinear) 
bijective map and 75-* = (js) • 

(c) For all Si,S 2 £ Gr(H) and x\ £ Si, x 2 £ S2 we have (a?i | x 2 )n = (isA^i) \ r ys 2 { x 2))n 
(respectively, (xi \ x 2 ) H = (j S i(xi) \ 7s 2 ( x 2)) H )- 

Now assume that fi is an involutive morphism on the tautological vector bundle n^. Then the like- 
Hermitian structure associated with O is the structure {(• | -)s,s-* }seGr[H) on defined by 

(x I y)s,s— = {x I is-*{v))h 

whenever x £ S, y £ S~* , and S £ Gr(7i). It is easy to see that this is indeed a like-Hermitian structure. 
The vector bundle Hn endowed with the like-Hermitian structure associated with Q will be denoted 
by n-^.n- The reproducing (—*)-kernel associated with £1 is the reproducing (— *)-kernel on Hn.n, 

Qn,n: Gi(H) x Gr(H) -» Hom(rf(n w , n ),rf(n W| n)) 

defined by Qn,n{Si,S 2 ) = P5i 7s 2 : S 2 -» Si whenever S x , S 2 £ Gr(W). □ 

Let us show that Qn,n is a reproducing (— *)-kernel on _q. For all Si, ... , S„ £ Gr(7i) and CEj £ S^~* 
for j = 1, ... ,n we have 

n n n 

{QnM s i> s i*) x j I x i)s lt sf* = Y (PSiilsr'ixj)) I x i) SuS -* = 51 (PSi(7s-*(^i)) I 7 5i -(zz))« 
j',J=i i,i=i j,i=i 

n n n 

i,i=i J j=i 3 i=i 

and 

I QH,n{Sj,Si*)xi) s -, s . = (xj I Ps 3 -(7s r *(^;)))sj,Sf* = I 7s, bs 3 (7s ; - (^))))w 

= (75-*^) I Ps, (7 5 -* = (7sr*(%) I 1 s -*( x i))h 

= (Qn,Q( s i> s i*)xj I anO^.S;-*' 
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where the latter equality was obtained during the previous calculation. 

Hence we have that Qn.n is an object of the category Kern. We would like to have Qn,n in Trans 
but there is no reason for the existence of a transfer mapping, associated with the bundle 11^ , from which 
Qn.n could emerge. 

Remark 4.3. Every involutive isometric linear operator C: TL — > TL defines an involutive morphism 
= (7c, w c) on lift by the formulas 

w c :5h C(S), Gr(H) -> Gr(«), 

and (70)5 := C\s- S — » C(S) whenever S £ Gr(H). If C : TL — > TL is an involutive isometric antilinear 
operator, then the same formulas define an involutive antimorphism Qc — (7c, w c) on lift. 
We shall write Qn.c to refer to Qn,n in the case when f2 = ftc- So we have 

Qh,c{Sx, S2) = PSl o C; S 2 -> Si for S U S 2 £ Gr(H). 

Similarly, we put Hn,c = Il-ft^c- 

Let us take a closer look at this example. Firstly, we notice that if we take the involution in Q given 
by u 1— > Cu~ 1 C, Q — ► Q, then the vector bundle Hftc, satisfies, under the natural action of G, those 
properties stated in Definition 1 1 . 71 which are independent of a (possible) transfer mapping. Furthermore, 
let 1Z n denote the map TZn ■ (S, x) 1— > x, T(TL) — > TL considered after Definition 14. li where we assume 
that lift is endowed with the like-Hermitian pairings (x \ y)s,s~* := i x I Cu)h, for every S £ Gr(?i), 
x £ S, y £ C(S). Then IZn.s is the inclusion is : S H, so that for every y £ S~* and h £ Ti., 

((K H ,s-*)-*h I y) s ,s-* = (h I K n , s -*y) H - (h \ y)n = {Ch \ Cy) H 
= ( P sC(h) I Cy) H = (psC(h) \ Cy) Si g-.. 

Hence (7^ft,s—)~* = Ps C whence we get Cfcft* Sl )~* °T^n.s 2 =Ps 1 °C o l S2 = Qh.c(Si,S 2 )- 

Besides the above equality, properties (i) and (iii) in Definition 11.71 are clearly satisfied by . Thus 

the map resembles a transfer mapping for n-ft^c as those of the category RepGLH. If were 

such a mapping then Qn^c would become a kernel in the category Trans. But the mapping is not 

a transfer mapping because it does not satisfy property (ii) of Definition 11.71 □ 

By applying Theorem 13.81 to the bundle Hft (with the identity map taken as involution in Gr(7i)) we 
obtain objects of the category HomogLHer in terms of Grassmannians. We next examine this example 
in detail. 

Let So £ Gr(H). The orbit of Sq in Gr(H) under the collineation action by Q will be denoted by 
Grs (H) . It is well known that Grs [TL) coincides with the unitary orbit of Sq and with the connected 
component of Sq in Gr(7i), and that it is given by 

Gi So (H) := {uS Q I u £ GL(ft)} = {uS Q | u £ U(W)} 

= {S £ Gt(H) I dim<S = dim<So and diniS" 1 = dim Sq} 

~ U(W)/(U(5 ) x U(^)). 

(See Proposition 23.1 in |Up85| or Lemma I4TT1 in |BG09j .) 

Let G([ps ]) denote the isotropy subgroup of So; that is, G([ps„}) ■— {u £ Q \ uSq = Sq}- This notation 
has been taken from BG09] where it was suggested for reasons which can be found in that paper. Then 

g/g(\ps })^Gv So m 

where the symbol " ~ " means diffeomorphism between the respective differentiable structures, and that 
the differentiable structure of the quotient space is the one associated with the quotient topology. 

Set T So (H) := {(S,x) £ T(H) \ S £ Gr So (H)}. The vector bundle Tl H , Sa : T So (H) -» Gr So (H) 
obtained by restriction of n-ft to Xs (H) will be called here the universal vector bundle at So- It is 
also Hermitian and holomorphic. Moreover it is biholomorphically diffcomorphic to the vector bundle 
Q Xg(\p\) So — > Q/Q{[p\) where we write p :=ps for brevity. Such a diffeomorphism is induced by the map 
defined between the total spaces of the respective bundles as ([u, x\) 1— » (uSo,ux), Q XgrM) So — > T$ . 
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Then, by restriction to Hn,s of the pertinent elements previously considered in this section, we obtain 
that II-h,5 defines an object of the category HomogLHer. So in particular the kernel 

Qh,S (uiS ,U2S )(u 2 x) := uip So u^ 1 u 2 x, {ui,u 2 €G, x (E S ) 

is an object coming from the category sRep. 

As in the case of ILh we wish to find now involutions in Gr,s (TL) different from the identity map. For 
this, one can take an involutive morphism satisfying an additional assumption. We illustrate this point 
by considering involutive isometries C on TL. 

Specifically, let C : TL — > TL be a continuous involutive map which is either C-linear or conjugate-linear, 
and let So be a closed linear subspace such that C(Sq) = So. It turns out that the orbit Gr^H) is 
invariant under the involution S i— » C(S) of Gr(TL), and then by restriction we will get an involution on 
Grs (7Y). In fact, 

Gt So (H) = {D(S ) \ D £ G}. (4.1) 

Now let S S Gr So (H) arbitrary. Then there exists D e G(A) with S = D(S Q ), so that C(S) = CD(S ) = 
CDC~ 1 (So) since C(Sq) = So- Since CDC -1 £ g irrespective of whether C is C-linear or conjugate- 
linear, it then follows by (|4.I[) that C(S) E Grs (7i). Thus the orbit Gi\s (7i) is indeed preserved by 
the involution S i— ► C(S) of Gr(7i). This property corresponds to the fact that the quotient manifold 
g/g([p\), which is diffeomorphic to Gr < s (TL), is invariant under the involution uG([p\) \— > u~*G([p\) where 
u~* := CuC for every u G g. 

Let us point out what is the form of the kernel Qh.c restricted to the bundle IL^^. Suppose that 
S G Grs (7i). Then there exists u G U(TL) such that uSq = S and uSq = S . Then ups = psu, that is, 
ps = upsaU^ 1 . Thus for all u\,u 2 G U(7Y) and xi,x 2 G <So we have 

Qn,c(uiS ,u 2 S )(Cu 2 x 2 ) = p ulSa {Cu 2 x 2 ) = u 1 p So (u~ 1 Cu 2 x 2 ). 

In short, Qh,c{S x> S 2 ) = Q h {Si,C{S 2 )) oC. 

The so chosen involution in Grs {TL) depends obviously on a pre-fixed involutive isometry C on 7i.Thus 
it seems to be too much having the pretension to obtain universality results associated with the manifold 
Grs a {TL) in this situation. Searching for an alternative way to overcome this obstacle we are led to 
consider a (canonical) complexification of Grg {TL). 

Let B := {p} 1 be the commutant subalgebra of p in B{TL). The algebra B is formed by the operators 
T such that T(Sq) C Sq, T{S^-) C Sq . Moreover, B is self-adjoint so that it is in fact a C*-subalgebra 
of B{TL). Let Q{p) denote the group of invertibles in B. Clearly, g{p) is a (closed) Banach-Lie subgroup 
of g, which moreover is stable under the operation of taking adjoints u t— * u*. 

Then, endowed with the quotient topology, the space g/g{p) is a homogeneous Banach manifold 
enjoying the natural involution given by 

ug{p) h-v u~*g(p), g/g{p) -> g/g{p) 

where u~* is this time the inverse of the adjoint operator of u G g. 

Further, the quotient manifold g/g{p) can be described as the set of pairs {{uSo,u~*So) ■ u G g} so 
that the former involution takes the form 

(tt<S , u~*S ) h-> (u~*S ,uS ). 

Note that the fixed-point set of such an involution is 

{{uS ,uS ) \ueU} = Gt So {TL). 

The preceding remarks tell us in particular that the orbit of projections g/g{p) ~ {upu -1 : u G g} is a 
complexification of the (complex, in turn) manifold Gr s (7i). This fact can be extended up to the level 
of vector bundles, so that the bundle g Xg( p ) So — > G/G(p), which we shall denote by 11^ in the sequel, 
becomes a complexification of the bundle G x g([p\) $0 Grs (7Y), in a sense which is made precise in 
[BG08] . Theorem 4.4. See |BG09] and [BG08] for details about the above results. 

For TLa '-—TL, TLb '■= So, p := ps , the inclusion mapping ka '■ G > B(TL) and the restriction mapping 
7t_b := tta \g(p), it is clear that the vector bundle Tln,s Q gives rise to the object (ft a, kb',p) in (the 
notation for objects in) the category HomogLHer. In fact, (ftA, ftB',p) can be obtained as an object in 
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the category StLHer. More precisely, for every closed subspace IC of <So there is a completely positive 
mapping $tc on 23(H) which by application of the Stinespring method (see subsection II. 4|) yields the 
vector bundle Iin.s - 

Proposition 4.4. In the above setting, put E p : T i— » pTp + (1 — p)T(l — p), 23(H) — ^ {p}' . Let K. be a 
closed subspace of Sq and define the compression mapping 

$k : T » p K o T o LK , 23(H) -> 23(/C). 

Then is a unital completely positive mapping with o E p = $/c & n d such that the vector bundle 
defined by (23(H), {p}' , E p ; 3>jc) coincides with Hh,s - 

Proof. The mapping of the statement is clearly unital. It is also completely positive: For an integer 
n, a positive matrix (Tij)i<ij<n in M n (B(H)) and x\, . . . , x n € K., 

n n n 

^ ($Jc(T it j)Xj | XijK = ^2 (PK.Ti,jXj I Xi) K = ^ ( T hj x 3 I x i)n > 
i,j=l i,J=l *,J=1 

since (Ti t j)i<i t j< n is positive. 

Take T in 23(H). Then $ K (E P (T)) = p K o Bp(T) o t K = px:(pTp + (1 - p)T(l - p))i K . Since £ C S 
we have (1 — p)lk — 0, whence 3>jc(E p (T)) = (px: ° p) ° T o t^. Also, for every x,y G /C we have 
— | y) — ((1 — p)x | ptcy) = since pjcy 6 K C 5 and (1 — p)x G iS^ 1 . This means that 
PtcP = PK- Thus $kE p = $k- 

Now we proceed with the Stinespring method. For every 6, a £ 23(H) and x,ygK we have 

($/c(a*6)x | y)/c = (pic{a*bx) | y)/c = (a*6x | y) w = (bx \ ay)n- 

From this, it follows that the norm || • ||$ K on 23(H) ® /C defined by the mapping <&k; as in subsection ll.4l 
is given by 

n n 

\\^,bj <» Xj \\l K = W^bjxjf 

for every Y^j=i bj ® x j G 23(H) <X>/C. Hence the associated null space N is formed by all the above elements 
2j=i bj®Xj £ B(Ji)®K. such that /Cj=i ^i^i = 0- On the other hand, the map 2i=i bj®Xj i— ► Si=i fy^i) 
23(H) ®/C — > H is well defined (note that H is a left module on 23(H) for the natural action) and surjective, 
and so we get that 

[23(H) <g)/C]/7V~H. 

Moreover, it is straightforward to derive from the above that the Stinespring dilation obtained from $ac 
is the identity mapping t: 23(H) — » 23(H). 

In an analogue way one can show that [{p}' <E> K.]/Nq ~ 5o where ATq is the null space associated with 
the previous norm restricted to {p}' ® /C. Here the only point to comment is perhaps the surjectivity of 
the mapping 

n n 

6j ® Xj i * bjXj, {p}' ® /C — > iS . 
j'=i 4=1 

This can be proved for instance as follows. Given x G So one can choose T in 23(H) and fc G 2C such that 
T(/c) = x. Then E p (T) £ {p}' and E p (T)k = x since /C C >So. Hence the above map is onto. 

Putting all the above facts together the statement of the proposition follows readily. □ 

5. The universality theorems 

We state and prove in this section the fundamental results which enable us to recover reproducing 
(— *)-kernels as pull-backs of the canonical kernels associated with Grassmannian tautological bundles. 
The first theorem shows up the existence of such pull-backs in purely algebraic terms. 
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Theorem 5.1. Let II: D — ► Z be a like-Hermitian vector bundle. Denote by p\,p2'. Z x Z — > Z the 
natural projections and let K : Z x Z — > Hom(j>2n,p*n) be a reproducing (—*)-kernel. Then let Ti. K be 
the reproducing kernel Hilbert space associated with K , and define 



C K :Z^Gv(n K ), C K (s) := K{D S ). 
Assume that we have an involutive morphism fi = (7, ui) on Il-j-c such that the involutive diffeomorphism 
S f — ► S~* := cu(S) ofGr(H K ) satisfies 

(VseZ) Ck(s-*) = Ck(s)-*. (5.1) 

Then there exists a vector bundle morphism Ak = (5k, Ck) from H into the like-Hermitian vector bun- 
dle II^K such that K is equal to the pull-back of the reproducing (—*)-kernel Qu K n by Ak, that is, 
K = (A k )*Q h k >q . 

Proof. Denote 

L K := {(s,x) eZxH K \ xe (k{s)} C Z x H k , 

and define 

A K : L K -> Z, (s, x) 1 > s. 
It follows by (|5.1[) that Ax : i^- — > Z is a like-Hermitian vector bundle, namely this is the pull-back of 
the tautological bundle U. H K fl : T(H K ) -> Gr(H K ) by the mapping ( K : Z -» Gr(W^). 
On the other hand, define 

if: D -> L 

and 

Then we get the commutative diagram 

D 



K, 



T(H K ), ^ K ( S ,x) = (C K (s),x). 



K 



id 2 



L K 

Af 

Z 



Ck 



T\H ) 



Gr(7i ) 



where the vertical arrows are like-Hermitian vector bundles, while the pairs of horizontal arrows (K, i&z) 
and (iI>k,Ck) are homomorphisms between these bundles. 

We now define 5k — ipK K and check that the vector bundle homomorphism Ak '■= (5k, Ck) has 
the wished-for property K = (Ak)*Qu k I n fact, let t,s E Z and r\ E D t , £ E -D s arbitrary. Then 



(((Ax)*Q w *,n(s-*,t)»7|0.-', 



(fork) - * ° Q«* n(C*(0>CK-(*)) ° (fcck)to I 0.-., 
(Qw«,n(Cif(s _ *),Cj<r(t))fe^ I 5k£)ck(s)-*Xk(s) 

(Qh* ,n(Cif («"*), CkW)^ I #£)c*r( S )-*,C*r« 

((PCk(«-) °7CK(t)(^) I 7C K 
(7C*(t)(#ij) I 7Ck( s )(*Q))«* 



□ 



so that indeed K = (Ak )*Qh k fi- 

The construction of the mapping Qk ■ Z — > Gr(7i^) in Theorem 15.11 is inspired by the mapping Z 
defined in formula (16) in |MP97| . which in turn extends the corresponding maps for complex line bundles 
given in [Od92]. In the latter reference it is shown that categories formed by objects like C,k (or Z) are 
equivalent to categories of vector bundles with distinguished kernels. Next, and under natural conditions, 
we extend that result by showing that the pull-back operation giving the kernel K in Theorem 15.11 also 
enables us to recover the whole vector bundle H 
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Corollary 5.2. Under the conditions of Theorem \5.1[ if, in addition, we assume that for every s G Z 

K(s, s) : D s —> D s is invertible, (5-2) 

then the vector bundle morphism (K,idz) is an (algebraic) isomorphism between the bundles II: D — » Z 
and Ak ■ Lk — * Z, so II: D — ► Z is isomorphic to the pull-back bundle C, K T(J-L ) — > Z defined by the 
mapping 

Proof. In view of Theorem 15.11 it suffices to show that the map if has an inverse. If (s,x) G Ljf then 
x G Cif ( s ) = K(D S ) with if injective, so there exists a unique £ G D s with x = if (£). Then we obtain the 
inverse of K by defining K~ x : Lk — > -D by if _1 (s,a;) := (if |£) s ) _1 (;e) for all s G Z and a; G Of(s). □ 

Now, of course, there is the question of the continuity and/or smoothness properties of the pull-back 
morphism in the preceding theorem. Since Ak — (8k, Ck) with 5k(0 = (Gf(n(£)), K(£)) for all 
£ G D, the morphism Ak is continuous if and only if if and C,k are continuous mappings. In order to 
prove the continuity of if it seems natural to assume the continuity of if. 

For a trivialization of II over the open set U C Z, let us denote vfr- 1 ^) = (n(£), (pu(O)i so that 
ipu : -Dn(^) ~~ * £ is a linear topological isomorphism, for all £ G IT -1 (U). Wc shall sometimes identify £ with 
(II(£), putting £ = (II(£),^t/(£)). Let IIpjp. denote the vector bundle Hom^n,^!!) Z x Z. 

If U, V are open sets in Z of corresponding trivializations tyjj, one has 

n;l P .(UxV)= |J S(A,A0 

(s,t)e?7xy 

with associated isomorphisms 

* v \ v :T^{s,t,T £ ), U^(U xV)^UxVx B(£,£) 

given by 

T £ (x) = l p u (T(^ v (t,x))), (xe£), 

for T G B(D t ,D s ), and 

%xv: («,t,T £ ) ^T st (rj), [/ x V x B{£ , £ ) - n^ p . (Z7 x y) 

such that 

T s4 (r?) = * £/ (s,T f ( W (»?))), (i|6A). 
The basic neighborhoods of any T: Z? t — > L> s of Hom^ILplII) have the form ^uxvQJq xVq x B p (Ts)) 
where U, V are trivialization open subsets of Z, Uq C U and Vq C V run over the family of basic 
neighborhoods of t, s, respectively, and -B p := {L G B(£,£) | ||L||£_>£ < p} with B p (Tg) = Tg + B p , for 
p > 0. 

If if is a reproducing (— *)- kernel and U, V are as above, we put 

K^ V (s, t) := ° «"|trxv(«, *), (*, *) G C X V. 

We shall identify K^' V (s,t) with K(s,t)e for all (s,t) G ?7 x V. Clearly, if is continuous if and only if 
K £ is. 

Lemma 5.3. If the reproducing kernel if is continuous then the mapping 
is continuous. 

Proof. First, take sq G Z and a trivialization isomorphism with s$ G U. For any t G U, define the 
continuous sesquilinear form (■ | -)u,t by 

(x | y) u>t = (¥u(t, x) | 9 V - (t-*,y)) ttt -» , for x, y G £. 

For x,y € £ and £ near so there is a constant Cu(x, y) > such that |(x | y)[/,t| < Cjj(x, y), by property (c) 
in Dcfinition ll.il Then by using the Banach-Steinhaus theorem wc get a constant Cjj > such that 

\(x \ y)u,t\ < Cu\\x\\ \\y\\, for x,y £ £, t £ U' , (5.3) 
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for a suitable neighborhood U' C U of So- 

Now, given p > 0, since if is continuous there exists an open set Uq C {/' with so G t/o, such that 

K(Uo*,U ) C tftf-xt, (iT* x [/ x n p (Kf"> u (so*,s ))) . 

Put ifg = K £ ' . The previous inclusion means that \\Ks(s~* ,t) — K£(s^* , s Q )\\ < p for s,t G C/o- 
Finally, let £ be in £> such that s = Ufa)- Put M = Cu(\\K £ (sq *, s )|| + |M + 2)(2||x || + 1). If 
r/ G II _1 (J7o), ?y = (i, a;) such that x G B p (xq) :— {y : \\y — xq\\ < p} with < p < 1, then 

- i^ || 2 = (K, | K n ) - (K So | K v ) - | + (K (o | 

= (K(t-*,t)ri - K(t-*, s )£o I J7) t -.,t + (*"(*o *, s o)Co - AW *,*)»? I &) s - Vo 

= (Kg(t~*,t)x - K £ (r*,S())xo | cc)^_, )t -. + (ifg(so*, s )a;o - #g(so *,i)a; | xo)^-. )S -* 

< Cfr (||Jf £ (rV) - Keif-*, s )\\ \\x\\ + \\K £ (t-*, s )\\ \\x - x \\) \\x\\ 
+ Cu (\\K £ ( fl „ *, So ) || Hi - -Toll + \\K £ (s *, s ) - K £ ( So -*,t)\\ \\x\\) \\x \\ 

< C v (p(p + \\xo\\) + (p+\\K £ ( So -*, s Q )\\)p) (p+\\x Q \\) 
+ C u (\\K £ (s -*,s )\\p + p(p+\\x \\)) \\x \\<Mp 

Since the above inequality holds for every n in the neighborhood ^u(Uo X B p (xq)) we have proved that 
K is continuous. □ 

Remark 5.4. The argument used in Lemma l5~3l gives us in fact that the mapping 

^, V )^K(U(0MvM DxD^D 
is continuous provided that K is continuous. □ 

In the statement of Theorem 15.51 we are going to use the following terminology: Two linear subspaces 
V\ and V2 of some Hilbert space Ti are said to be similar to each other in Ti. if there exists an invertible 
bounded linear operator T: Ti — > Ti such that T(Vi) = V2- For instance, it is easy to see that if Vi is finite- 
dimensional, then it is similar to V2 if and only if V2 is also finite-dimensional and dim Vi = dim V2. Note 
however that if both Vi and V2 are closed infinite-dimensional subspaces of some separable Hilbert space 
Ti and dim Vf 1 < 00 = dim , then Vi and V2 are not similar to each other although dim Vi = dim V2 
(= 00). In the theorem we are dealing with the mapping £, which is set- valued. 

For a topological space T, we say that a mapping F: T — > Gr('H) is similar-valued if F(r) is similar 
to F(a) for every r, er G T . Then F will be called locally similar- valued on T if for any point r in T there 
is a neighborhood V of r such that F|y is similar- valued on V. 

Since every orbit in Gr(7i) is an open set (see for example Corollary 8.4(iv) in |Up85|), it is clear that a 
function F as above is locally similar whenever it is continuous. Conversely, we are going to see that the 
continuity of the Gr(7i^)-valued mapping is equivalent to its local similarity, under the assumption 
that K is open on fibers. 

Theorem 5.5. In the above setting, suppose that: 

(1) The kernel K is continuous, 

(2) the bounded linear operator K\o s : D s — > Ti K is injective with closed range for all s G Z . 
Then C,k : Z — > Gr (TI ) is continuous if and only if it is locally similar. 

Proof. As noticed before, the continuity of £r- implies automatically that C,k is locally similar Gr(7i)- 
valued. Conversely, assume that Qk is locally similar. Let sq G Z arbitrary and pick any open neighbor- 
hood V C Z of so such that there exists a trivialization Wo : V x £ — > IT _1 (V r ) of the bundle II over V. 
Also denote Tio — (k(so) Q Ti K and define the maping 

K V :V -> B(£,H K ), m^(f (s r )). 



UNIVERSAL OBJECTS IN CATEGORIES OF REPRODUCING KERNELS 



27 



Using an argument as that one of the proof of Lemma 15.31 it can be seen that the mapping Ky is 
continuous with respect to the norm operator topology: For s, t £ V, x € £ and £ = (s, x), 77 = (t, x), 

\\K v {t)x-K v (s)x\\ 2 

= (K £ (t-*,t)x - K £ {t~*,s)x I x) v -*,t-* + {K £ {s~* ,s)x - K £ {s~* ,t)x | x) v -* tS -* 
< C v (\\K £ (t-*,t)-K £ (t-*,s )\\ + \\K £ ( s -*, So )-K £ (s-*,t)\\) ||s 



,E|| 2 



from which lim t ^ s H.K'y(t) — Ky{s)\\ £ ^- H i< = 0. 

Now, note that the mapping K\e> s being injective with closed range means that for every s £ Z there 
is a constant C(s) > such that ||-K(£)I| 2 > C(s)II^IId s for all £ € D s . This implies that K(D S ) is 
a closed linear subspace of H K , so that Ck(s) = K(D S ), and moreover, for every s £ V the operator 
Ky{s) : £ — > 7Y K is injective and its range is the closed subspace Cif( s ) ^ ~H K ■ For the sake of simplicity 
let us denote by Ky(so) : TCq — > £ the inverse of the bijective linear operator x 1— » -ftV(so):r, £ — > 7io- 

Since 7i is a closed subspace of Tt , it follows by the open mapping theorem that Ky{so)^ 1 is 
continuous, hence we can define 

K -V ^B(H ,n K ), s^K v (s)oK v (s )- 1 . 

This mapping is continuous with respect to the norm operator topology since so is Ky. In addition, for 
every s £ V we have Ran (Ky(s)) — (k{s), hence the hypothesis implies that the ranges of the values of 
Kq are similar to each other in TL K . Since the mapping T 1— > Ran T is continuous on the latter subset of 
B(H , U K ) by Proposition 3.6 in [DEG98] (see also Example 6.1 in |DG01) and the principal bundle (4.5) 
in [DG02 ), it then follows that the mapping (k is continuous on V. Since V is a neighborhood of the 
arbitrary point sq £ Z, this completes the proof. □ 

Remark 5.6. As regards the continuity of the mapping T 1— > RanT on certain sets of operators (see 
the final argument in the above proof), a related result belonging to this circle of ideas is provided by 
Proposition 1.7 in [MS97j . □ 

Remark 5.7. According to condition ^ assumed in Theorem 15.51 the operator K\r>, ■ D s — > H K , 
being injective and with closed range, provides a topological isomorphism of D s onto a closed subspace 
of H K . Thus the topology of the fiber D s can be defined by a suitable scalar product which turns this 
fiber into a complex Hilbert space. In particular, this remark shows that the existence of a reproducing 
(— *)-kernel K : Z x Z — > Yiom.{p%Yl,p\Tl) satisfying condition ([2|) at some point in the base of a like- 
Hermitian vector bundle II: D — ► Z imposes rather strong conditions on this bundle — at least in the 
sense that the fiber of the bundle has to allow for a scalar product which defines its topology. (That 
is, the fiber has to be a Hilbertable vector space, in the terminology of Chapter VII in |La01| .) Thus 
condition @ in Theorem 15.51 could appear as being rather restrictive. However, the next theorem shows 
that the invertibility property (|5.2p of the kernel K assumed in Corollary 15.21 is sufficient to imply that 
condition. □ 

Theorem 5.8. Let K: ZxZ-> Hom^n,^!!) be a reproducing {—*)-kernel on a like-Hermitian vector 
bundle II: D — > Z as in Theorem \5.1[ with the corresponding bundle morphism Ay. Assume also that: 

(1) K is continuous. 

(2) For every s £ Z , 

K(s, s): D s — » D s is invertible. (5-4) 

(3) The mapping Qk is locally similar in Gr(W ). 
Then the morphism Ak is continuous. 

Proof. Recall that Ak = (Sk, Ck) and 8k — (C R, K). By Lemma T5.31 the continuity of K follows by 
the fact that K is assumed to be continuous. Then it is clear that the only thing we need to show is that 
point (|2|) of the statement implies point ([2]) of Theorem 15.51 In order to do so fix s £ Z. Now observe 
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that since the pair (• | -) s -* s is a strong duality pairing (see Remark 1 1.2[) there exists a bounded linear 
operator 6 S ~, : TL K — -> D s satisfying 

(K( v ) | h) H K = ( v | a -.h) a -., a y v eD s ,yhe H K , 

see Lemma 3.5 in [BG08j . In fact, it turns out that the operator S -* restricted to TLq coincides with the 
evaluation mapping at s, see the proof of Proposition 3.7 in [BG08]. Thus under the assumption (|5.4[) 
we get, for every (efl Sl 

IICII 2 < WK^syYWK&sKWl, = \\K( S ,s)-'f\\e s -,(Kdfn s < C(a)\\K(0\\^ x . 

This implies that K\d s : D s — > 7i K is injective with closed range for all seZ, and the theorem follows. □ 

Remark 5.9. Assumptions ([1]) and in the preceding theorem are automatically satisfied in many 
important situations: for instance, when II is a line bundle and K(s, s) ^ 0, or when K = is the 
canonical kernel associated with a bundle in the category RepGLH, and with a transfer mapping 1Z. In 
fact, in this last case, if s G Z, £ 6 D s and n G D s -* then for all s G Z we have K(s, s) = id since 

(K(a,s)S I t?) S)S -. = {{TZ S .) ;T^O I 77)^-, = (ft s £ | TZs^*7])n = (£ | tj).,,-.. 

In these cases the typical fiber of the corresponding bundle is Hilbertable, see Remark 15.71 □ 

Remark 5.10. The proof of Corollary 15.21 only requires the injectivity of K on D s , s G Z. So the 
corollary remains true if one replaces (|5.2p with the weaker condition (|2|) of Theorem 15.51 □ 

Assumption © in Theorem 15.81 holds for objects (II, G) in the category GrLHer under a mild condi- 
tion, as we are going to see: Let (II, G) be an object of the category GrLHer, with LT: D — > Z under the 
action of G through /1: G x D — > D and v: G x Z ^ Z. Let if be a (— *)-reproducing kernel on (II, G) 
in the sense of Definition 12.31 

Lemma 5.11. For Ck{s) — K(D S ), s G Z , we have 

u ■ (k(s) = Qk{v{u, s)) Vu g G,Vs € Z. 

Proof. By definition n(/i(u,£)) = i/(u, H(£)) for all u 6 G and £ G D. From this, it follows easily that 
D v ( u ,s ) — ^{ u i Da) for all u € G and s G 

We now claim that the group G is taken into Q — GL(7i x ) through the natural action (which we denote 
in this proof by "•") of G on the section space T(Z, D) of the bundle II. So in particular K^i u ^\ — u ■ K^, 
for u G G and £ G D s . To see this, notice that, given u G G and s G for any t £ Z and 77 G D t , 

(Kn(u,£) I #77) : = K u > s ))m( u )£) I f)t— ,t = (A 1 (w,^(^(w _1 ,i"*),s)£) I rj) t —,t 

= {n(u,K(.(v(u-\t-*))) I r)) t -. it = {u-K 6 I #„) 

by (|2.3p . By the density of the linear combinations of sections K v in 7i K we obtain the wished- for relation 
-K^O-C) = u ' ^ or u ^ G and £ G -D s . 

Let m G G again. Since the action of u on the space T(Z, D) is continuous we have u-K{D s ) C tj • K(D S ) 

and then • u • K(D S ) C (tj -1 ?/) • K(D S ) — K(D S ). Both inclusions give us it • K{D S ) = u ■ K{D S ). In 
consequence, 

Ck-(i>(u, «)) = #(A,(«, S )) = AO) = u-K{D s ) = u ■ ( K (s). 

□ 

Corollary 5.12. Lei (II, G) 6e an object in the category GrLHer, (md Zei K be a continuous reproducing 
kernel on H in this category. Suppose, in addition to the assumption of Theorem \5.1[ that for every s € Z 
the isotropy group G s := {u G G v(u, s) = s} is a Lie subgroup of G and that the mapping K(s, s) is 
invertible. Then the bundle morphism is continuous. 

Proof. In view of previous results, we only have to verify that the mapping £ is locally similar. But 
this is a clear consequence of the above lemma, since the fact that G s is a Lie subgroup entails that 
{f(u, s) I u G G} is an open subset of Z for every s G Z. □ 
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Remark 5.13. Let us discuss briefly the condition in Theorem l5.1l on the existence of a suitable involutivc 
diffcomorphism of Gr(H K ) onto itself in the case when the base Z of the bundle II: D — ► Z is connected. 

Assuming that the mapping Z — > Gx{H, K ) is continuous, the image of this map will be a connected 
subset of G,x{^i K ). In particular, (k(Z) will be contained in a connected component of Gr(H K ). It then 
follows by Remark 4.2(b) in |BG09j that there exists a closed linear subspace So of H such that (k(Z) C 
Grs (7i). So condition (|5.1jl of Theorem 15.11 actually requires a suitable involutive diffeomorphism only 
on the unitary orbit Grs (7i), not on the whole Gr(TC K ). 

Thus the role of universal reproducing (— *)-kernel seems to be played by the reproducing (— *)-kernels 
induced by Qn on the restrictions of the tautological vector bundle to the various unitary orbits 
Gr,5 (7i) endowed with various (— *)-structures, for arbitrary Hilbert spaces H.. 

Another situation when we are naturally led to deal with orbits Grs (H.) of Grassmannians is that one 
considered prior to Lemma l5.11[ in the case when the action of the group G on Z is transitive. Under 
such a condition, we manage in the next result to remove the assumption about the existence of the 
involutive morphism f2 satisfying (|5 . 1 [) (which is a highly non-canonical assumption). In order to do so, 
we must replace the tautological bundle IT-^ by its complexification 11^. □ 

Let (II, G) be an object of the category GrLHer, as above, with H: D — » Z, p,: G x D — > D, 
v: G x Z — > Z , such that the action v is transitive on Z. Assume that there exists sq € Z with Sq* = sq. 
Let K be a reproducing (— *)-kernel on II satisfying the property (|2.3|) . and let 7i K be its reproducing 

kernel Hilbert space. For K as in Theorem I5.1| set So '■= K(D„„) Q H K . Recall that we denote the 
vector bundle Q X-g( p ) S — ► Q/Q(p) by Here p = ps and Q = GL(H K ). Let in turn Q^ K denote 

the kernel associated with the bundle and the projection p as in the subsection 11.31 

Theorem 5.14. In the preceding setting, there exists a vector bundle morphism Ak = (5k, Ck) from n 
into H^ A - such that K is equal to the pull-back of the reproducing (—*)-kernel Q^ K , that is, 

K=(A k )*Q%k. 

In addition, if 

(1) the isotropy group at the point sq = Sq * G Z is a complex Banach-Lie subgroup of G and 

(2) the reproducing (— *) -kernel K is holomorphic of the second kind, 

then the vector bundle morphism Ak is holomorphic. 

Proof. As it was seen in Lemma 15. lit £k(v(u, So)) = u ■ Cr"( s o) f° r every u G G. Let us proceed to 
constructing the morphism Ak- Define, for s — v(u,sq) in Z, 

(k(s) ■= ((k(v(u,s )),(k(v{u~*,s ))) = (u-S 0) u~* ■S )=u Q{p). (5.5) 

Then, on account of the definition of the involution — * in Q(p), we have 

Ck(s)- = [u ■ G(p)}-* := u-* ■ Q{p) = l K {u{u-*,s )) = l K {v{u,s )-*) = 6c(«~*)- 

Take £ G D. Then (eD s for some (unique) s = v(u, so), where u € G. Define 5k(0 in Q Xg( p ) So by 

5 Jf (0 = [(«»^M(t.- i .o)]- ( 5 - 6 ) 

It is readily seen that 5k is well defined and then that (5k, Ck) is a morphism between the like-Hermitian 
vector bundles n and H^ . Put for a while 5 = 5k and £ = C^k for simplicity. 
For s — u(u, sq), t = u(v, so) G Z and £ G D s -* , rj G D t , we have 

(((8 s -.)-*oQ% K ((( s ),((t)) o5t)ri | 0.,-- 

= ((<*«— ) - *[( u >l>( u_1 • v ■ K^v-^r,)))] I 0s,s-* 

= • v ■ K^-i^))} I [u~*,K^ u -. A) )]) u . g{j>) ^-». g{;p) 

= (PSoi^ 1 - v-K^-i^)) | K^ {u -,^) n K = [K(s,t)r] \ £) u k, 

This implies that K = (Ak)* Q^k, that is, K is the pull-back of QSa- by the morphism Ak- 
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To prove the second part of the statement, recall that if the isotropy group at so 6 Z is a complex 
Banach-Lie subgroup of G, then the orbit mapping 

u^i/(u,s ), G^Z 

has holomorphic local cross-sections around every point s G Z . Therefore, in the above construction of 
the vector bundle morphism Ak = (8k, Ck) (see formulas (|5.5[) and (|5.6[) ). the element u G G can be 
chosen to depend holomorphically onsGZ around an arbitrary point in Z . This remark implies at once 
that the mapping C,k is holomorphic and that in order to prove that the component 8k is holomorphic 
as well, it will be enough to check that the mapping 

K:^K S , D -> H K 



is holomorphic. Since K is continuous, by Lemma 15.31 we have that K is continuous. Then, by Corol- 
lary A. III. 3 in Appendix III of |Ne00| . it will be sufficient to show that for every h G Tiff the function 
(K(-) | K) h k is holomorphic on D. Thus take £,r) € D, s = LI(£), t = IL(r]). Then, by d2T2]) and (f2~T|) . 

(K(0 \K n ) n K = (K(t-*,s)Z\r 1 ) t -* tt . 

Hence, by the hypothesis that the kernel K is holomorphic of the second kind (see Definition 12. ip . we 
obtain that K: D — » Ti K is holomorphic, and this concludes the proof. □ 

Remark 5.15. There is a close relationship between Theorem 13.81 and Theorem 15.141 and yet they are 
different from each other, for in Theorem 15. 141 it is not assumed the existence of a transfer mapping (re- 
lating the bundle II: D — > Z with some Hilbert space 7i). Instead, one needs to consider in Theorem l5.14l 
the Hilbert space of sections H ■ Is there some transfer mapping, say TZk , from D into Ti K l A natural 
candidate seems to be the mapping TZk '■ £ >— > [(u, K^ u -i ^)] i— > u ■ K^ u -i ^. Since for all u G G, £ G D 
we have u ■ K^ u -i^ = such a map is K. However K need not be an isometry, or even injective, in 
general. (Recall that (K(£) | K(t])) h k = (K(s,s)£ | T]) s<a -, for s G Z, £ G D s , r) G D s -,.) □ 

6. Applications of the pull-back operation on reproducing (-*)-kernels 

The first application of the pull-back operation works out the precise relationship between reproducing 
(— *)-kernels on homogeneous vector bundles constructed as in the subsection 11.41 The resulting result, 
part (d), illustrates Proposition 13. 61 

Proposition 6.1. Given two C* -algebras 1 G B G A with a conditional expectation E: A —> B, assume 
that we have a tracial state tp: A—+ <C (i.e., (p(a\a2) = ^(a^ai) for every a\ai G A) such that tpoE = tp. 
For X G {A, B} denote by Gx the group of invertible elements of X , by Tlx the Hilbert space obtained by 
the GNS construction out of the state ip\x of X , and by Cx ■ TLx —> TLx the antilinear isometric involutive 
operator defined by the involution of X . Also denote by P: TLa —> TLb the orthogonal projection and by 
A, p, 7r: A — > B(TLa) the representations defined by 

\(u){f} = [uf], p{u)[f] = [fu- 1 ], and n(u)[f} = X(u)p(u)[f] = [ufu' 1 ] 

whenever u G Gb and f G B, where we denote by f i— > [/] the natural map B — > TLb- 

Now for a G {A,/9, 7r} denote by K a the corresponding reproducing (—*)-kernel on the homogeneous 
bundle Ga x a TLb — > Ga/Gb- Then the following assertions hold: 

(a) There exist well-defined diffeomorphisms 

Si : Ga x a TLb — * Ga x p Hb, 8 2 : Ga x p TLb — ► Ga x\TLb, and S 3 : Ga x r TLb — > Ga x w TLb, 

given, each of them, by the correspondence [(it, /)] 1— » [(it - *, C|b (/))]. 

(b) For j — 1,2,3 denote by Oj the pair consisting of the mappings 8j and uGb * u~*Gb- Then 
Qj is an adjointable antimorphism of like-Hermitian bundles. 

(c) We have Q\K p = K x , 0* 2 K X = K p> and 8*^ = K n . 

(d) There exists an involutive antilinear isometry O3 : TL^ 71 — > TL^ 7 ' such that Qq((K w )^) = (K^) T ^ 
for all £ e D. 
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Proof. First of all, notice that tp being tracial the representation p is well defined, so is w. To prove 
assertion (a), note that for all v G Gb and / € B we have 

CBiHv-'w) = [(v-'m = irwr 1 ] = k^t 1 )^/]). (e.i) 

Now, if (ui,/i) (u 2 ,/ 2 ) then there exists t> G G_b such that U2 = itif and /2 = A(u _1 )/i. Then the 
above calculation shows that C B (f 2 ) = /0((u _ *) _1 )Cb(/i), so that (wj - *, Gb(/i)) (uj - *, C B (f2))- Thus 
the mapping <5i : Ga x a — > Ga XpTi-B is well defined. 

Since the projection mappings Ga x W_b — > Ga x a are submersions for a 6 {A,p} and the 
mapping (u, /) i— » (u - *, Cs(f)) is clearly a diffeomorphism of Ga x Wb onto itself, it then follows that 
5i is smooth (see Corollary 8.4 in [Up85 ). One can similarly check that S 2 ■ Ga x p ~Hb — > Ga x a T^b is 
smooth. In addition, it is easy to see that the mappings 8\ and 82 are inverse to each other, hence they 
are diffeomorphisms. 

The fact that 5% is also a well-defined smooth mapping follows by a similar reasoning based on the 
calculation 

CbWw" 1 )!/]) = [(«-»*] = [«•/*»-] = ^T^bU/D 

that holds whenever w G Gb and f E B. Since 530(53 = id GAX7r -H B , it then follows that ^3 is a 
diffeomorphism as well. 

For assertion (b) we shall use Remark 1 1.61 It is clear that for j = 1, 2, 3 the mapping Sj is a fiberwise 
isomorphism of real Banach spaces, so that it will be enough to prove that for all u G Ga and / G H.b 
we have 



([(uj)} I l(u-*,g)]) uGB u _, Gb = (5 3 [(u,f)} I S^u-^g)})^ 



Gb.u-'Ge 



This equality is equivalent to (/ | g)n B = (Cfl(/) I C-B(g)) HB , which is true since Gb ■ Hb — > Hb is an 
antilincar isometry. 

Assertion (c) can be proved by means of (|3.5|) . For instance, in order to check that Q\K P = K\, we 
need to prove that for all m, u 2 G Ga and f\, f 2 G 'H.b we have 

(K x (u 1 Gb,u 2 Gb)[(u 2 J2)} I [(«r*./i)]) Ul( 



iGb.ii, Ge 



= (K p (u 1 *G B ,u 2 *G B )Si[(u 2 , f 2 )\ I MK*>/i)]) % -* Gb , UiGb - 
In view of the way 8\ is defined, the right-hand side is equal to 



(K p (u^G B ,u^G B )[(ur,C B (f 2 ))] I [{ui,C B {h))]) urGB UiGB . 

Now, by taking into account the definitions of K\ and K p (see |BG08j ). it follows that the wished- for 
equality is equivalent to 

([(u u p(\(u^)\(u2)f2))] 1 [("r*./i)]) ulGfl , u -. Gfl 



= ({(u- 1 \P{p{(u- l *)- 1 )p{n2*)CB{f2)))] I [(«i,C B (/i))]) u -. GB! „ iGi 

This is further equivalent to 



(P(A(urV)/ 2 ) I h)n a = (P( P (((ur)- 1 u2*)C B (f2)) I C B (h))) HB . (6.2) 

Now we have 

(P{p({{u- 1 *)- 1 ur)C B {f2)) I C B {h))n B = (p(((urr 1 u2*)C B (f2) I P{C B {h)))n B 



(p({{u^u 2 )-*)C B (f 2 ) I C B {h)) 



He 



°P (G s (A((( w r^ 2 )-*)/ 2 ) I C B (/i))*, 

= (/a 1 A((( M r^2)-*)/2)« B 

= (/a I P(A((( u r 1 « 2 )-*)/ 2 )) WB 



= (P(A((K^ 2 )-*)/ 2 ) I h) HB 
which shows that (|6.2|) holds. This completes the proof of the fact that Q\K P = K\. 
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The equalities O^K^ = Kp and ©3-^ = Kjt can be proved similarly. 

To prove assertion (d), just note that it follows by (c) that (|3.8j) in Corollary 13.71 is satisfied. □ 
As regards item (d) in the statement of Proposition 16. 1[ it is to be noticed that the diagram 

H K * «— 2 — H A 

Ca 

H K * <— ? — Ha 

is commutative, where the mapping 7 is a suitable isometry (see |BG08j and the comments after Theo- 
rem [IT2]). 

The next application is a special case of Theorem l5.1l and yet it applies to all of the classical reproducing 
kernels (see for instance |Ha82j and Example 1. 1.10 in [NeOO] for many specific examples) when they are 
thought of as living on trivial line bundles. Moreover, note that the classical reproducing kernel spaces of 
complex functions on domains in C" (Bergman spaces, Hardy spaces etc.) are separable Hilbert spaces 
hence are isomorphic to £ 2 (N). Hence the reproducing kernels of all these classical function spaces can 
be obtained as pull-backs of a unique kernel, namely the universal reproducing kernel Qu for H = I 2 (N) . 
See |Od88j and [Od92] for the implications of this fact in quantum mechanics. 

Theorem 6.2. Let H: D Z be a Hermitian vector bundle. Denote by pi,P2 - Z x Z — » Z the natural 
projections and let K : ZxZ — > Hom(p2n,p*n) be a reproducing kernel. IfH K stands for the reproducing 
kernel Hilbert space associated with K, then there exists a vector bundle homomorphism Ak = (5k-, Of) 
from n into the tautological vector bundle H-h k such that K is equal to the pull-back of Qt-l k °V ^k- 

Proof. The hypothesis of Theorem l5.1l is clearly satisfied if we take il to be the identity morphism on the 
tautological vector bundle Tin- D 

Finding applications of Theorem 1 5. II in other concrete cases involving general involutions — *, for which 
condition (|5 . 1 1) is automatically fulfilled, does not seem simple. Instead, one has to use complexifications 
of bundles of the type T$ (H) — > Gts (H), Sq s Gr(H), as in Theorem 15 .141 This theorem clearly applies 
to bundles Ga *q b Hb — > Ga/Gb in the category HomogLHer and kernels K 71 accordingly, as in 
Remark 12.91 Let us now assume for simplicity, in that case, that Ha = span tta (Ga)Hb- (This holds for 
instance when A, B are C*-algebras and Ga x g b ^b Ga/Gb is an object in StLHer.) Then Ha and 
H Kn are isomorphic Hilbert spaces via the unitary "realization" operator 7: /ih F^, Ha — ► H KlT where 
F h : uG B >-> [(u,P(<K- 1 (u)h))], G A ><Gb Kb -> G A /G B (see |BG08j ). The translation of Theorem EH 
in the above situation is that K n = A K „Q^ A where Ak^ — (Sk* ? Ck - "" ) with 8k^ = if A x ^H B an( i 
C-ftr x — {' n A)q- In particular the morphism (tta X id-H B ,( 1T A)q) is a (extremal) morphism between the 
kernels and Q^ A - 

To go further in this direction, note that it has been proven in |BG08j that the representation of Ga 
on Ha can be realized as multiplication of the elements of Ga on the Hilbert space H K . This realization 
is implemented by the formula 

= 7* {u ■ ) 7 i u G Ga) 

In this sense, and according to what has been indicated formerly, one can say that tta is the pull-back of the 
natural multiplication (collineation) operator associated with the Stiefel bundle Q Xg( p i Ranp — > Q/Q(j>). 

Finally, as our last application here, we show next a similar result for completely positive mappings. 
So let us assume once again the setting of subsection 11.41 Then $(a) = V* o tta (a) °V, (a £ A), where 
$: A — > B(Ho) is a unital completely positive mapping, it a ■ A — > B(Ha) is a Stinespring dilation of $, 
and V : Ho — > Ha is the corresponding isometry between the Hilbert spaces Ho and Ha- Note that 
V(Ho) is a Hilbert subspace of Ha- Let $^(^0) denote the unital, completely positive mapping 

®v(h ) ■ T ^ Pv(H ) °To l v(Ho) , B(H A ) -»• B(V(H Q )) 

associated with V(Ho) as in Proposition 14.41 
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Lemma 6.3. In the above notation, for every a € A we have &(a) = V* o $>v{Hq) (taO^)) ° V • 
Proof. First note that there exists the composition iv(n ) ° V ano - 

v* = (l V (h ) ° vy = v*ttr (Wo) = v*p v[Ho) . 

Hence, for each a E A, 

V*<S>v(h ){ka{o))V = V*{p v(Ho) )Ti A (a)L V{Ho) )V = {V*p v{Ho) )-K A {a){i v{Ho) V) = V*ir A (a)V = §(o), 
as we wanted to show. □ 

Looking at $ and ^vCHo) on A as sections of appropriate trivial bundles, as in Example 13. 31 Lemma 16.31 
says that 4> can be regarded as the pull-back of ^v(H ) ° TA- Moreover, we have the following result. 

Proposition 6.4. The pair (tta, V) is a (extremal, with M = 1 ) morphism in the category CPos from 
$ into ® V (Ho)- 

Proof. Let p be the orthogonal projection from Ha onto Hb- Take b in B. We know that 7ta(&) S {f>}', 
see subsection ll.4l Thus E p TTA{b) = pwA(b)p + (1 — p)-ka{o){1 — p) = nA{b)[p + (1 — p)] = 7Ta(&)- 
By Lemma [6~3l we get V$>(a) = $v(K )( 7r A(a)) for all a £ A. In fact, for every xq, yo E Ho, 

{V$(a)x | Vy )v(H ) = (®( a ) x o I 2/o)w.a = (V*$v(H )Vx \ y )n A = (®v(H ) Vx o I Vj/o)v(w )- 
In particular the equality holds for every b E B C A. Consequently we have shown that (tt a ,V) is a 
morphism in the category StLHer, see after Lemma fQl in subsection ll.4l 

Now, for every integer n, hi, . . . ,h n E Ho and a matrix C M„(A) we have 

n n 

J2 ^v(H Q )^A{a l3 ))Vh, | Vhi) v(UQ ) = £ ((VQvwfrAMVihj \ VK) Ua 

n 

= (3(°iJ>i I 

This means that, in fact, (7T^, V) is a morphism in CPos . □ 

In summary, in what concerns completely positive mappings, it has been shown in the paper that 
they can be viewed as objects in a category, called here CPos. Proposition 16.41 says furthermore that 
completely positive mappings in that category are in fact the pull-back of canonical objects, which are 
universal in this sense, and are the completely positive mappings associated to Grassmannian tautological 
bundles, as given by Proposition 14.41 

Appendix: List of categories 

LHer (end of subsection 1 1 . 1 [) : GrLHer (Definition II. 7[) ; RepGLH (Definition II. 8[) ; HomogLHer 
(subsection [OJ; StLHer (after Remark 01 ; Kern (Definition EH]); Hilb (Definition OH]); Trans, 
sRep, CPos (Remark HTT1). 
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